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In this paper the moduli space of Higgs pairs over a fixed smooth projective curve with
extra formal data is defined and is endowed with a scheme structure. We introduce
a relative version of the Krichever map using a fibration of Sato Grassmannians and
show that this map is injective. This, together with the characterization of the points of
the image of the Krichever map, allows us to prove that this moduli space is a closed
subscheme of the product of the moduli of vector bundles (with formal extra data) and
a formal anologue of the Hitchin base. This characterization also provides us with a
method for explicitely computing KP-type equations that describe the moduli space of
Higgs pairs. Finally, for the case where the spectral cover is totally ramified at a fixed
point of the curve, these equations are given in terms of the characteristic coefficients of
the Higgs field.
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1. Introduction.

In 1988, Hitchin studied ([5]) the symplectic geometry of the cotangent space
T* Ux to the moduli space Ux of vector bundles over a compact Riemann surface
X. Tts points led him to introduce a new and currently relevant concept: the notion
of Higgs pairs. From the point of view of sympletic geometry, the map from T* Ux
to an affine space of global sections (now called the Hitchin map) turned out to
be an algebraically completely integrable Hamiltonian system. This translates in
algebraic geometry by saying that the fibers of the Hitchin map are Jacobians of
a special curve covering X (the spectral curve). As the author states in [5], one
question is left: can we find the Hamiltonian differential equations in some concrete
way?

Bearing this question in mind, Li and Mulase partially solved the problem in [7]
using techniques of infinite integrable systems. They used the infinite Sato Grass-
mannian as a space of solutions for the KP system ([15]) and answered the question
of how to recover the Hitchin system from the KP system in the case for which the
spectral cover is not ramified. In the same period, and with similar tools (Krichever
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morphism, Sato Grassmannian, ...), Donagi and Markman also studied this topic
in [4] with full generallity. They demonstrated a certain compatibility for KP flows
concerning spectral data coming from Higgs pairs on X. As far as we know, concrete
equations describing this moduli space (and allowing ramification in the spectral
cover) remain to be given.

The paper is organized as follows. In section 2, we offer a few words about
the classical correspondence between Higgs pairs and line bundles over the spec-
tral curve. Section 3 is devoted to the study of the Krichever map for the moduli
space of Higgs pairs with extra formal data, Higgss. For this goal, an alternative
method to that of [7] and [4] is proposed: the use of a fibration of infinite Sato
Grassmannians (over a formal analogue A of the Hitchin base) and a generalization
of the Krichever morphism. We show that the Krichever map is injective (Theorem
3.2) and a characterization of its image is also given (Theorem 3.3), allowing us to
state the first main result: Higgs¥ is a closed subscheme of U x A (Theorem 3.4,
where U is the moduli scheme of vector bundles over X with formal extra data).
Section 4 gives the spectral construction for the above topics, defining a relative
Grassmannian. Finally, in section 5 the second main result is given: Theorem 5.4
provides concrete KP-type equations describing Higgss in terms of bilinear iden-
tities of Baker-Akhiezer functions and, for the subscheme of Higgss on which the
spectral cover is totally ramified, the equations are explicitly computed in terms of
the characteristic coefficients of the Higgs field (Theorem 5.5).

2. Preliminaries.

We shall work over an algebraically closed field k of characteristic zero. Let Ux
denote the moduli stack of rank n vector bundles over a projective, smooth curve
X of genus g. Recall that a Higgs pair on X consists of a vector bundle £ € Ux
and a morphism of sheaves of Ox-modules:

p: E— EQux.
It is known ([4]) that:
Ty Ux = HY(X,Endx E @ wx),

and therefore the cotangent space to Ux parametrizes Higgs pairs on X.
A remarkable fact is the existence of the Hitchin map:

H: T"U — o H(X,wd)
(E, ) = ch(yp)
where:
ch(p) = (Tr(p), Tr(A%p), ..., Tr(A"p))

are the characteristic coefficients of ¢.
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Another relevant issue is the spectral construction, whose importance lies in the
fact that, for a generic a = (a1,...,a,) € ®F_; H*(X,w$), the points of H~'(a)
correspond to line bundles on the so called spectral curve X,. We briefely describe
its definition ([5],[3],[18]). Let us consider the cotangent bundle:

T* X := Spec S*wi'

where S ‘w;(l is the symmetric algebra of w)_(l. Let Z, be the sheaf of ideals of S 'w)_(l
generated by the image of:

—-n o —1
wy' = S'wy = @i>ow

E— (=D "apn,...,£® —a1,£,0,0,...).

The quotient S’w}l /T, is a sheaf of Ox-algebras and the spectral curve is defined
as the zeros of Z, in T* X, that is:

&—1

X, = SpecS'w;(l/Ia.
The map:
T Xy — X

is a finite covering of degree n, where n is the rank of E and for generic a X, is
non-singular.

For generic a, the bijection between Jac(X,) and H~1(a) is as follows:

We can think of the Higgs field ¢ as a morphism:

wy' - E®E*,
or, equivalentely, as a morphism of Ox-algebras
S'wy! - E®E*.

The Hamilton-Cayley theorem implies that this morphism factorizes by Ox, =
S*wy'/Z, if and only if ch(p) = a. Thus, given a point in H~!(a), that is given
(E, ) such that ch(y) = a, E can be thought of as a line bundle L on X, and
m« L =% E. The converse is analogous.

3. Moduli of Higgs pairs with extra formal data.

We shall assume that the following data are definitively fixed:

e X is a smooth, projective, integral curve over k.
e zcX.
o t: Ox ., = k[[2]] is a formal trivialization of X at x.

Since X is smooh, the dualising sheaf wx is a line bundle, and the formal trivial-
ization t induces a formal trivialization of wx at x:

dt: Bx = k[[z]]d= (3.1
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(if no confusion arises, we shall forget about the generator dz). We wish to consider
a moduli problem parametrising:

e A rank n vector bundle on X, F.
e A Higgs field ¢: £ — FQuwx.
e A formal trivialization ¢ of E on z, i.e. ¢: E, = (’)g’?’i

We shall see that a certain compatibility between ¢ and ¢ must be imposed.

3.1. Definition and representability.

Let us denote by @ the completion at = of the Higgs field ¢. Given the formal
trivialization ¢, the coefficients a; of the characteristic polynomial ps(T") of ¢ lie on

k[[=]].
Definition 3.1. We define the functor Higgs¥ as the sheafication of:
Ch—sch ~> Csets
S—A{(E, ¢, 0)}/ ~,

where

(1) E is a rank n vector bundle over X x S.

(2) ¢: E— E®uwxxs/s is a relative Higgs field; that is, a morphism of sheaves of
Ox x s-modules.

(3) ¢ is a formal trivialization of E along x x S,

B ~, D
¢~ EzXS_)Om>?57

such that there exists a matrix:

0 0 (-1)"'a
10 - (—1)”an,1
1 .
M- 010 ’
010 —az
0--01 ay
(where (aq,...,a,) € Og|[z]]™) making the following diagram commutative:
~ o~ .
Eixs = Eixs @ Wexs
¢le zlqs@dt
Os|[=]] Os|[]]

(4) Two triples (F,p, @) and (E’,¢’,¢') are said to be equivalent whenever there
exists an isomorphism of vector bundles f: E = E’ compatible with all data.
That is:
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e f is compatible with ¢ and ¢’, and hence the folllowing diagram is com-

mutative:

f =
X %
Os[=]"

e f is compatible with ¢ and ¢'; that is, the diagram:

Ea:xS XS

E—">Eouw

flz Zj/f@d

£ _ L Fouw
is commutative.

Remark 3.1. Given (E, ¢, ) € Higgs¥(S), the elements (a1, ..., a,) of the third
condition are necessarily the characteristic coefficients of .

Remark 3.2. Whenever two S-valued points (F, ¢, ¢) and (E’,¢’, ¢') are equiva-
lent, the characteristic coefficients of both @ and @’ are the same. This implies the
commutativity of the following diagram:

FE 4 EF®w

N -

z Osl2)]" = Os2]" z

LN

‘ E'ouw

E/

Let us denote by U5 the moduli space of vector bundles over X with formal
trivialization (recall that this moduli space can be obtained as a limit of the moduli
of vector bundles with level structure,[17] , and in [1] it is shown to be a fine moduli
space). It is easy to see that for every vector bundle E on X we can choose a formal
trivialization at a fixed point x € X, ¢: Ex = @}m That is, we can choose a point
in U.

Let Higgsx denote the stack of Higgs pairs over X.

Proposition 3.1. Let S be a k-scheme. Given (E,p) € Higgsx(S), there exists

a formal trivialization of E along x X S satisfying the compatibility condition of
Definition 3.1.

Proof. Let (E, ) be a point in Higgsx (S) and let us choose a formal trivialization
¢ of E along xx S. Setting (a1, ...,an) € Og[[2]]" to be the characteristic coefficients
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of the completion ¢ of the Higgs field along x x S, one can easily show that ¢ is
compatible with @ in the sense of Definition 3.1. O

Theorem 3.1. The functor Higgss is representable by a k-scheme.

Proof. Since U is a fine moduli space, there exists a universal object (€, ®),
where £ is a rank n vector bundle on X x YY" and @ is a formal trivialization of £
along {z} x UY.

Let V be the fiber bundle associated with the following vector bundle on X xU$:

Homx xugy (€,€ @w),

where w is the pullback of wx to X x UF.

One has that a point of V with values in a k-scheme S, g: S — V| corresponds
to a triple (Es, ¢s, ¢s), where (Eg, ¢g) corresponds to the S-valued point of U
given by the composition:

S—>V—>X><U§(op—2>1/{§(o

(p2 being the projection on the second factor) and ¢g is the S-valued point given

by g.
By Definition 3.1, the set of S-valued points of Higgss consists of those S-valued
points of V, (Es, s, ¢s), such that the composition:

¢s' & Ps 7 ~ dt
Osll2]]* 25 Esaxs 25 Esaxs ® Boxs 2225 Ogl2])"

is defined by a matrix of the type:

10 - (—1)"an_1
010 .
010 —as
0--01 a1
for arbitrary (a1,...,a,) € Og[[z]]". One can check that this defines a closed sub-
scheme of V. |

3.2. Formal Hitchin map.

We have already stated that the coefficients a; of the characteristic polynomial
pg(T') of ¢ lie on k[[z]]. Let us now introduce a k-scheme parametrising these coef-
ficients.

Let A* be the infinite dimensional affine scheme over k defined in [2] :

A = Speclim k[yo, ..., %] = Speck[yo, y1, . . .]
1
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Let R be a k-algebra. The correspondence:
so+ 812+ - € R[[2]] < (s0,81,...) € AP(R)

implies that the functor that associates the ring of formal power series R[[z]] with
each k-algebra, R, is representable by A>. From this fact we obtain the following:

Proposition 3.2. The functor over the category of k-schemes defined by:
S~ @ HO(X, % S,05%6)
is representable by the k-scheme A = (A*>)".
Remark 3.3. We shall think of the points of A with values in S as polynomials:
T —a T -+ (=1D"ay,,
where a; € Og][2]] via the identification &%’ ¢ % Og][[2]] induced by .
Definition 3.2. The formal Hitchin map is the morphism of schemes:
Hoo: Higgsk — A
which associates the characteristic coefficients:
(a1,...,a,) € A(S) a; = Tr(A'Q)
of the formal Higgs field $ with each triple (E, @, ) € Higgs¥(S)

3.3. Krichever map.

Let us set V = k((2))™ and V't = k[[z]]"™. Recall that the infinite Grassmannian
Gr(V) associated with the couple (V, V1) is an infinite dimensional k-scheme whose
rational points are k-vector subspaces W of V such that W N V™ and V/W + VT
are finite dimensional (see Definition 2.9 of [2]).

Recall also ([1], [10]) that the Krichever map

Uy — Gr(vV)
is defined by sending (E, ¢) to (t o ¢)lim . E(m) and for rational points it maps
(E,9) to (to¢)H'(X -z, E).

Definition 3.3. Let (E, ¢, p) be a point of Higgs®(S). The Krichever map for the
functor Higgs¥ is defined by:

Higgs () — Gr(k((2))")(S) x A(S)
(E,¢,9) = ((to¢)limm. E(m),ps(T)),

-
m

where 7: X x.§ — S and pz(T) is the characteristic polynomial of the formal Higgs
field @.
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Note that for rational points, the Krichever map sends:
(B, ¢.9) = ((to ) H'(X — , E),pp(T))

Theorem 3.2. The Krichever map is injective.

Proof. Let (E,¢,¢) and (E',¢',¢’) be two points in Higgss with values in the
k-scheme S and let us assume that:

(to¢)limm, E(m) = (to @) lim. E'(m)

m m

p(T) = pg: (T).-

Since the Krichever map for U§° is injective (see [1],[10]), there exists an isomor-
phism E = E’ compatible with the formal trivializations ¢ and ¢’. Because both
families satisfy the third condition of Definition 3.1, it follows that the diagram:

FE 4 EF®w

N e

z Osll2]]" > Os[[])" z

SN

E Eouw

is commutative, and therefore (E, ¢, p) ~ (E', ¢, ¢") (see remark 3.2). |

Let us consider the natural map:
V ® k((z)) —-V=V ®k((z)) k((z)) .

If W and U are vector subspaces of V' and k((z)) respectively, we denote by W - U
the image of W @, U — V.

Proposition 3.3. Let L be a line bundle on X and let ¢, be a formal trivialization
of L at x. Let us consider (E,¢g) € U (k), and let:

W =HX -, FE) € Gr(V)(k), U=H"X —x,L) € Gr(k((2)))(k)
be the points defined via the Krichever map. We thus have:

W-U=H"(X —2,E®0, L) € Cr(V)(k).

Proof. This follows from the surjectivity of:

H)(X —2,F) @, H*(X —2,L) - H*(X — 2, E ®0, L). O
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One can easily generalize the above result for points with values in any k-scheme
S. This implies that we can define the following morphism of schemes:
hU : U})(O — U%O
Wi—W.U
Remark 3.4. Note that in general we do not have a well-defined scheme morphism:

Gr(V) x Gr(k((2))) — Gr(V)
(W,U) — W -U

We now wish to characterize the image of the Krichever map. It is known ([1, 10])
that the image of the Krichever map:

Uy — Gr(v)

consists of those points W € Gr(V) such that A-W C W (where A = H*(X -z, Ox),
see [13]. Notice also that A-W =W - A). Since:

Higgs¥ — Gr(V) x A
takes values in U X A, we are interested in studying the image of:
Higgss — UT X A.

Definition 3.4. Let W € Gr(V)(S) be a point with values in S. A sub-Og-algebra
A of Og((z)) is said to stabilize W if it satisfies the following two conditions:

(1) Os((2))/A is flat over S.
(2) A-WCW.

The stabilizer algebra of W, Ay, is the maximum subalgebra of Og((z)) that sta-
bilizes W.

If S = Speck is the spectrum of a field, flatness is fulfilled and the stabilizer
algebra coincides with that of [10]:

Aw ={f e k(()If-W S W},

Proposition 3.4. Let S be a k-scheme, Ag := H*(X — z,0x) ®; S and let T be
an Og((2))-linear automorphism of Og((2))". Given W € UF(S), it holds that:

(1) T(W) € Gr(V)(S).
(2) T(W) is an Ag-module.
(3) Arewy = Aw = As € Gr(k((2)))(5).

In particular, T(W) € UF(S).

Proof. This follows from the Og((z))-linearity of T' and the properties of the sta-
bilizer algebra, Ay, of W. O



March 19, 2008 10:34 WSPC/INSTRUCTION FILE higgsGr.ijm

10 D. Herndndez-Serrano, J. M. Munoz Porras, F. J. Plaza Martin

We can now define another endomorphism of U5°:
T:UTY - UY
W T(W).
Theorem 3.3. Let Q be the point in Gr(k((2)))(S) defined by the relative canonical
sheaf wxxs/s, (W,p(T)) € (UF x A)(S) and T the Os((2))-linear automorphism
of Os((2))™ given by:
0- -0(-1)""q,

10 - (=1)"an_s
T= 010 o . : (3.2)
010 —ay
0--01 a

(where a; are the coefficients of p(T')). Thus, (W,p(T)) lies on the image of the
Krichever map

Higgsk — UST x A
if and only if the restriction of T to W takes values in W - Q.

Os((2))" —= Os((2))"

TM7>WJQ

For rational points, this condition translates into T(W) C W - Q.

Proof. The direct implication follows from the definition of the Krichever mor-
phism. Let us see how to recover the geometric data from (W, p(T)) € UF (S) x A(S).
By hypothesis, T'|y takes values in W - Q and we already know that W € U (5),
so we can recover a rank n vector bundle on X x S together with its formal triv-
ialization ¢ (see [1], [10]). By Proposition 3.3 we have that W - Q is the point in
Gr(k((2))")(S) defined by E ®oy wxxs/s; that is:

W-Q=limnrs.(E®ox wxxs/s)(m(@ x S)).
Therefore, T}y yields a morphism:
Tiw: lim7s E(m(z x §)) — lim7s . (E ®oy wxxs/s)(m(x x S)),

where mg: X x S — S. Bearing in mind that T is Og((z))-linear and the classical
inverse Krichever correspondence, we can recover the Higgs field:

E— E®oyx wxxs/s -

The compatibility condition between ¢ and ¢ is granted from the construction. O
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This result allows us to prove the following theorem:

Theorem 3.4. The functor HiggsS is representable by a closed subscheme of USF X
A.

Proof. By Theorem 3.3, the image of:
Higgss — UF X A

consists of pairs (W, p(T')) such that T'|w (W) C W - Q. By Proposition 3.3 we have
that W - Q € Gr(V). The statement is therefore a consequence of [1] , which reads
as follows.

Let S be a k-scheme and let F be a sheaf of Og-modules. Let F; and F5 be
two quasi-coherent subsheaves of F such that locally F/Fy = liini L;, where L; are
free coherent sheaves. Thus, the points f: S" — S such that f*(Fy) C f*(Fa), as
subsheaves of f*(F), are the points of a closed subset of S (see also the proof of
[13] ). O

4. Spectral Construction.

Definition 4.1. We call Spf k[[z]] a formal base curve. Given p(T) € A(k), we
define the formal spectral curve by:

Spf k[[2|[T1/p(T) -

Let (E, ¢, ) be point in Higgs¥ with values in S. Recall that the formal Hitchin
map (see Definition 3.2):

H™: Higgsk — A

sends (E, ¢, ) to the characteristic polynomial ps(T) € A(S) of the formal Higgs
field 3.

Proposition 4.1. Let S be a k-scheme. Given (E, ¢, ) € Higgs(S), ¢ induces
a formal trivializaction of E as a line bundle over the spectral curve X,:

bo: Buxs = Os|[A|[T)/pa(T),
such that the matriz of Definition 3.1 is the multiplication by T in Og[[2]][T]/ps(T)
w.r.t the basis {1,T,--- , T""1}.

Proof. The proof uses the classical correspondence between a Higgs pair and the
Jacobian of the spectral curve of [3]. The formal Higgs field ¢ endows E,xs with a
line bundle structure over the formal spectral curve Spf Og|[2]][T]/pz(T). We can
therefore choose a trivialization:

Eqxs = Os[[A|[T)/p3(T) -
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Using the given formal trivialization:
¢: Erxs = Os|[2]]"

we can define an Og[[z]]-algebra structure on Og[[z]]™ and, because of the compat-
ibility condition between ¢ and ¢ of Definition 3.1, we have that M corresponds to
the multiplication by T in Og[[z]][T]/pz(T). O

4.1. Relative Infinite Grassmannian.

Observe that for each p(T") € A(S) the Os((z))-module Vg = Og((2))™ can be
enriched with a natural Og((2))-algebra structure:

Vs = Os((2))[T]/p(T) -

Now let us take a rational point (E,¢,¢) in Higgs¥ and let us denote by
m: X, — X the spectral cover.
Using the formal trivialization of Proposition 4.1:

bp: En = K[[2])[T]/pa(T)
it is easy to check that:
W = ¢, H (X, — 7 '(z), E)

is a rational point of the infinite Grassmannian Gr(k((2))[T]/pz(T)).

The aim of this section is to allow p(T") to vary, and this will lead us to define the
relative infinite Grassmannian. The construction is similar to that of the standard
infinite Grassmannian ([2]), so we shall omit the proofs (see [14] for further details).

Let p“"®(T') denote the universal polynomial of A; that is, the point correspond-
ing to the identity morphism Id: A — A and let us think of O4[[2]][T]/p“"**(T) as
the ring of the universal formal spectral cover.

For this section let us denote:

V= O(T)p™ (1) V= O[T/ (T)

as sheaves of Og-modules.

There exists a notion of commensurability for sub-Ox-modules of V' and it satis-
fies equivalent properties as those of the standard commensurability (see [2]). This
notion endows V with a topology.

Definition 4.2. The relative infinite Grassmannian associated with the couple
(V,V7T) is the functor that associates the following set with each A-scheme S:

quasicoherent sub-Og-modules W C Vg such that Vg/W is

flat and for each point in S there exists an open neighborhood U and

C commensurable with VT such that Vi;/(Wy + Cy) =0
and Wy N Cy is loc. free of finite type

gr(V)(S) =
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Theorem 4.1. Gr(V) is representable by an A-scheme (thus, in particular by a
k-scheme) that we shall still call Gr(V).

Theorem 4.2. For all A-scheme S denote Vs = V®p, Og. It holds that:
Gr(Vs) = Gr(V) xp S
In particular, for each rational point p(T): Speck — A, we have:
Gr(Vi) = Gr(k((2))[T]/p(T)) -
This means that:
Gr(O((2)IT]/p™ ™ (T)) — A
is a fibration of infinite Grassmannians.

Remark 4.1. Note that one has an isomorphism of Og-modules:
OL((2)[T1/p"™ " (T) = Ou((2))".
Therefore, considering the trivial fibration of k-schemes:
Gr(k((2))") x A — A
one can obtain isomorphisms:

Gr(k((2))") x A = Gr(Oa((2))") = Gr(Oa(()[T)/p*"™(T)).  (41)
4.2. Krichever map via the spectral construction.

Given a point (E, ¢, ) € Higgs¥(S), and using the formal trivialization ¢, of
Proposition 4.1, one obtains a well-defined Krichever map:

HiggsX () — Gr(Ou(())[T]/p"™** (T)(S)
(E, ¢, ) — (bw(hL)nﬂ';Ew(m))a

m

where 7’: X, — S. For rational points, the map is given by:

HiggsX (k) — Gr(Oa((2))[T]/p*"" (1)) (k)
(E’ ¢7 (P) = (btp HO(XSO - 71-_1(37>7E§0) )

m: X, — X being the spectral cover.

Bearing in mind the isomorphism of equation (4.1), it follows that this Krichever
map is in fact equivalent to the Krichever map of Definition 3.3, and by Theorem
3.2 it is injective. The image is characterized in a similar way to that of Theorem
3.3.

See also [4] for another interpretation of the spectral construction.
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Remark 4.2. Recently a preprint by A. Hodge and M. Mulase ([11]) has appeared
containing interesting results about the Hitchin integrable systems related to our
paper. Those authors make a precise study of the Hitchin integrable system for the
symplectic group and study its connection with mirror symmetry. Finally they also
study the Sp,,,-Hitchin system in terms of the Sato Grassmannian. We hope that
the methods developed here can be used in the problems stated in that preprint,
and more generally in the study of certain particular cases of the Langlands duality

(e-g. [6]).

5. Equations of the moduli space of Higgs Pairs.

Let p(T) € A(k) be a rational point and let us denote:
Vo = k((2)[T]/p(T) V" = k[[2[T]/p(T).

From now on, let us assume that V), is a separable k((z))-algebra with the following
decomposition:

‘/;7 >~ ‘/'1 X e X V'r‘;
where V; = k((2))[L])/T]" — zwi(T;), n1 + -+ + n, = n and u;(T;) are invertible
in k[[T;]]. In addition, k((7;)) can be endowed with a k((z))-dlgebra structure by
sending z to T""u;(T;)~'. Consequently one obtains an isomorphism:
k((T3)) = Vi = k((2))[T]/ T — 2u(T3) (5.1)

This assumption is motivated by the following geometric fact:

Proposition 5.1. Let us consider a rational point (E,@,$) in Higgss, and
let m: X, — X be the associated spectral cover. Let us assume that n='(z) =
> i1 Y, where Y37 ny =n and y; # y; for all i # j. We then have:

Oxpm1(e) = (K[[T]/T1 = zua(Th)) x - - x (K[[N[T/ T = zup(T3))
where u;(T;) € k[[2]][T3].
Proof. Indeed, (’31 is a local, regular and complete ring with maximal ideal m, =
(2), and Ox, 4 is a regular, complete, separable Ox ,-algebra of dimension one.

Thus, @wa is a Dedekind domain and we have a primary decomposition:

N
ro

mwOXw,y = m?l -eem
where m; are the maximal ideals of the points:
{yh e ayr} = Specoxw,y .

Moreover, if we denote by @y the completion of (Ox, )y, in @y we have m,O,, =
m;". Since @y are local, regular and complete k-algebras of dimension one, Cohen’s
Theorem implies that O,, = k[[T;]] and hence, in O,,, we have:

Z = szUZ(TZ) )
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v;(T;) being an invertible element in @y In addition, we know that k[[z]] — k[[T}]]
is an integral morphism, and hence we have a relation:

T+ b TE T ) =0,
where b;i) € k[[#]]. That is:

KT = DT/ T + 00T b

i

Moreover, if we restrict ourselves to z = 0 we should obtain a point counted n;
times, which means that bg-l) = 2135-1), where B;Z) € k[[z]]. Therefore:

T = (BT 1 B).

3

If we denote v;(T;)~! by u;(T;), we have that u;(T;) is a polynomial in T} with
coefficients in k[[z]], and:

RIT = K2[T)/ T = 2u(T) .

The separability of V,, and the fact that the characteristic is zero, imply that if
u; = u; then n; # n;. Now, we can conclude:

k[[[T)/pa(T) = K[[)][T1])/ T = 2ua(Th) x - - < KT ]/ T = zup(T7) . OO
Remark 5.1. Note that, since k has characteristic zero, there exists ©; € k[[T]]

such that v; = 9], Therefore, T; = T;v; € k[[T;]] is a formal parameter at y; and
z= TZ” That is:

Oy, = OL[T,) /T — =

This means that we require a change in parameter, and hence a change in polynomial
in particular. Since we want to allow p(7') to vary on A, we are not allowed to make
this change in parameter.

In order to give the equations describing HiggsS, we first need to adapt some
results concerning Tau and Baker-Akhiezer functions given in [2,13,12].

5.1. Formal Jacobian and Abel morphism.

Because of the isomorphisms of equation (5.1) and following Theorem 4.10 of
[2] and [12] (pag. 3), it can be proved that the functor V) of invertible elements in
V, is representable by a formal group k-scheme whose connected component at the
origin, I'y, , decomposes as:

— 7= T +
Ly, =Ty x G, x Ty,
and

£~ +
Iy =Ty, x-x Ty
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Moreover, the formal Jacobian of the formal spectral curve )?V, J (Xv), is iso-
morphic to I'y, - (see Theorem 4.14 of [2] and also [12]).

Let 1&00 be the formal group scheme:

As = lim Speck[[t1, ..., t]]

n

endowed with the additive group law. Let us denote by k{{t1,ts,...}} the ring
Oz =lim k[[t,,...,t,]] and let us set:

A ~
AT =A x.T.x A

The exponential map is the isomorphism of formal group k-schemes (see Defini-
tion 4.11 of [2]):

exp: KZ;O — j()?v)

1y (") al(l) ﬁ
({a; " }is0s- -, {a; " }is0) — (eXP(Z )y 7exp(E: Ti )) .

T g
i>0 1 i>0 7

We can now identify J (X'V) with the formal spectrum of the ring:

B, e k{1,
and its universal element will be denoted by:
s t(")
v = H eXp(Z ﬁ) .
i=1 j>1 7
The Abel morphism of degree one (see [12]):
$1: Xy — J(Xv)

is the morphism corresponding to the r-uple of series:

where we distinguish the indeterminates:
T, € Og, = MG x -+ x k[T]] = V;F

and T; € O TRy Equivalentely, the Abel morphism is the morphism induced by
the following ring homomorphism:

({040, & ek {7, 1), Yy — K([T]] x - x K[[T]
tgj) — Tj(i)
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5.2. Tau and Baker-Akhiezer functions.

Let us consider the fibration of infinite Grassmannians:
Gr(k((z))") x A — A
and let p(T) be a rational point of A. The fiber at p(T') € A(k) is Gr(V,)(k) (see
section 4.1), where V,, = k((2))[T]/p(T).
Let us now consider the natural action of Iy, in Gr(V}):
p: Ty, x Gr(Vy,) — Gr(V))
(9e: W) = go - W,
and let us define the Poincaré sheaf on T'y, x Gr(V,) by:
P := " Dety, .

For each rational point W € Gr(V})), one has an invertible sheaf on I'y, :

ET(W) = Pll“vp x{W}
and a natural homomorphism:
H(Ty, x Gr(V,),P) — H*(Ty, x {W}, L, (W)). (5.2)

Definition 5.1. We use the term 7-section of a point W, 7y, to refer to the image
of p*Q4 under the morphism (5.2), where Q2 is the canonical global section of
Dety, of Definition 3.14 in [2].

Note that 7y is not a true function over I'y, x {IWW}, because L, (W) is in general
nontrivial. The algebraic analogue of the tau function defined by Sato-Sato ([15])
and Segal-Wilson ([16]) is obtained by restricting £,(W) to the formal subgroup
F‘;p s j(Xv) C va.

Let us define L, (W) := ET(W)‘F% «{wy>» which is trivial over I'y, x {W}. Indeed

a trivialization of L, (W) can be given by the global section:

00(ge) := o - Pw »

where py is a non-zero element in the fiber of £,(WW) over the point (1,W) €
I'y, x W. The 7-function is defined as the trivialization of the restriction of 7y to
Ty .

P

Definition 5.2. The 7-function of the point W, 7y, is the function:
~, ~, 1 5 S T
W E O, =0z, Y, e er{{tl”,. .1}
defined by:

v (g) = Twige) 1w Qilge)  Qifge-W)
WiSe Uo(g.) 00(90) Je * PW
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” £ SN o e
for g = [[;—, eXp(ZjZl #) €J(Xv) > va :

Remark 5.2. In particular, over the formal base curve X = Spf k[[z]] the 7 function
of a point Q € Gr(k((2))) is the function in J(X) = I'™ = Spf k{{¢1,... }} defined
by ([2]):

]

al9) _ wQi(g) _ Q4 (W)
o0(9)  o0(9) gpw

where g = exp(}_,5; i—ﬂj) eJ(X)>»T.

Let us now consider the composition:

)

Ta(g) =

B: Xy x Ty, x Gr(V,) STy x Ty x Ge(V,) ™y, x Gr(V)

where ¢q: )A(V — Ty, is the Abel morphism of degree one (with values in

Iy = J(Xv) I'v,) and m is the group law in T'y,. Given a point W € Gr(V},),

let us denote by By the restriction of 8 to XV x 'y, x {W}.

Definition 5.3. The BA-section of W € Gr(V},) is ¢w := v~ - B3 (fw), where:
By HO(Dy, x {W}, L, (W)) — H'(Xy x Dy, x {W}, By L (W)

is the morphism induced by B?;V That is, let us choose it in such a way that:

o _ .1
l/Jerél) xTy, =v

where :c(()i) is the origin of )?Vi and v~ is v;l in the component X’V
The BA-function of a point W € Gr(V,,) is defined by the following formula:

17w (ge - 91(T4))

wW(TOag') =0 TW(go)

)

where Ty = (T1,...,T;) and ge € F‘_,p.

In order to give an explicit expression of this function, we identify the formal
Jacobian J(Xv) with AL (via the exponential isomorphism) and we use the Abel
morphism:

Xy & 7(Xy),

which sends Tj to the point in J (Xv) with coordinates:

2 73
[T := ((0,...),...,(Tj,%,?J,...),...,(oy...)),

or, equivalentely, this map is induced by the ring homomorphism:

K, 18 @k{{t7, .. 3 = K[[T1)] -+ x K[[T]

t9 - (0,...,0,-—,0,...,0).
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It is clear that we have an addition map:

Xy x J(Xv) = J(Xv)
(To,te) = to + [Ts]
where Ty, = (Ty,...,T,), te = (), e ,t()) and t, + [T,] denotes the point in
J()/(\'V) with coordinates (... ,tgj) + 5, ce)e

2

Remark 5.3. If Q € Gr(k((2))), its BA-function is ([2,13]):

ti. Talt+[z])
t) = -y L) (—==4).
Yalzt) = expl Z ZJ) ( To(t) )
jz1
Remark 5.4. In the case of points in the Grassmannian of k((z)), the Tau-function
of a point Q € Gr(k((z))) generates the subspace Q([13]). Nevertheless, this is no
longer true for a point W € Gr(V,). In order to solve this problem, the following

definition is used in [12] and [9].
Let us recall the decomposition V,, = Vi x --- x V..

Definition 5.4. The u-th BA-function of a point W € Gr(V,) is the function:

(1) (n)
L Tw, (te + [T1]) L W, (te +[T7])
m T.,t. = uwl eXp(— Ji‘ul—,..., r €Xpl— ]71“‘— N
where:
e 1 <u<r.
o Wyp:=1,...,T,...., T ...)1) - W.
oty + [T,] := (M, ... t®) 4 [T,],...,t").
o £is —lifi>wuwand 1if ¢ <w.

Now, following [12] one can see that W can be generated (as an infinite subspace
of V,,) by these u-th BA-functions.

Theorem 5.1. ([12], Theorem 3.6). Let us take W € Gr°(V,,). We thus have:

wu,W(TOato) = (1a e 7Tu7 R 1) : Z (w:ﬁ’]W(Tl)a e 7’(/}:;’7‘W(TT))puz,W(to) )
>0

where:

{(Wow (1), W (T)) i > 0,1 <u < n}
is a basis for W and py;w(te) are functions in te.

Remark 5.5. Let us recall that the superindex 0 of GrO(V;)) tells us that we are
taking the connected component of the Grassmannian on which the index function
of W takes the value 0 (see Definition 3.3 of [2]).
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Remark 5.6. To study the m-connected component (m > 0), Gr™(V},), we need
to choose an element v,, such that dimy Vp+ /vmVp+ = m in order to obtain an
isomorphism Gr™ (V},) = Gr°(V},) that will allow us to define the global section Q7
of the dual of the determinant bundle of Gr™(V,,) as the image of the canonical
section €2 of Dety, (see [2] and [13] ). Let us set vy, as follows:

e for m < 1(r—n), let p,q, s, t be integer numbers defined by —m = ¢-(n—r)+p,
0<p<n-—-r,p=s-r+t, 0<t<r. Therefore, we set:

O = (27 )T TP T T
e for m > (r —n), we set:
O o= (271 T0) v
Theorem 5.2. ([12], Theorem 3.7). If W € Gr™(V,) we have:
Yuw (Toste) = v (1 Tuyo o, 1) - 30 (W0 T), - 0T ) puiw (te)
i>0
where
(@I, R T) > 0,1 < u < t)

is a basis for W and py;w(te) are functions in te.
In particular, an element of V,, lies in W if and only if it can be expressed as a
linear combination of:

wl,W(TO7t0>a ... 7’(/}7‘,W(T07t0)

for certain values of the parameters t,.
Remark 5.7. If Q € Gr®(k((2))), then ([13]):
va(zt) = 217308 (2)pit),

i>0

where {1/)5(;)(;;)}Z is a basis for 2 and p;(¢) are functions in ¢. In particular, if € is
the point defined by the canonical line bundle wyx, then s = g — 1, where g is the
genus of X. If we denote Q™! as the point defined by w)_(l, then s =1 — 3g.

5.2.1. Adjoint Baker function.
Since V,, is a finite separable k((z))-algebra, it carries the metric of the trace:
Tr: V, x V, — k((2)),
which is non-degenerate. Therefore, V}, can be endowed with the non-degenerate
pairing:
To: Vp xVp, =k
(a,b) — Res,—o(Tr(a,b))dz.
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The pairing Ty induces an isomorphism of k-schemes:

R: Gr(V,) — Gr(V,)
Wi— W,

where W is writen for the orthogonal of W w.r.t. T (see [12] ) and we have the
following properties:

R(Gr™(Vp)) = Gr™™(V;,).

R* Dety,, = Dety,.

(g- W)Lt =g L. WL, for W e Gr(V,) and g € T(Xy).
R QT = Q7™

Twi(g) =w(g™")

(W)t = (W),

Definition 5.5. The u-th Baker-Akhiezer function of a point W € Gr(V},) is:

wZ’W(TM t') = 77[111,WJ- (T07 _t0>

wu W(T°vt’) -
(D r (—te + [T1)) " Tyt (~te + [T3])
J y Twr: T Joy Parr 7 Ty
= (&n exp(g1 7 ) ,...,@mzxp%j1 o)

(n)
4 e~ 1) 4 e~ (1)
B T R T R Ve R TN

)-

Theorem 5.3. Let us take W € Gr™(V,,). We have:

Giw (Toste) = v, (Lo Tay 1) 30 @GP (@), 0G0 (T s ()
>0

where:
{5 @), i (@) > 0,1 < u <)

is a basis for W and p},; v, (ts) are functions in t,.
In particular, an element of V), lies in W if and only if it can be expressed as

a linear combination of:
wT,W(TM t.), .. 7w:’W(TO, tt)

for certain values of the parameters to.



March 19, 2008 10:34 WSPC/INSTRUCTION FILE higgsGr.ijm

22 D. Herndndez-Serrano, J. M. Munoz Porras, F. J. Plaza Martin

5.3. Product of BA-functions.

Let us take Q € Gr(k((2))) and W € Gr(V},). Let us consider its BA-functions:
Ya(zt) Yw (Te, te)

(which are functions of X xT'~ and )?V X F‘_/p respectively).
The graph, Xv — )A(v X )?, of the morphism 7: )?V — X induces:
f:)A(VxF;p x '~ —>()A(V><F(/P)>< (X xT7).
Remark 5.8. Note that the graph is the morphism induced by the ring homomor-
phism O x O)?V — @)?V:
kllz]] @k (K[[T1]] x - - - X K[[T]]) — K[[T1]] > - - x K[[T]]
z (Tlv"'aTT) = (ZTla"'aZTT)a
and this expression makes sense because we know how to express z in terms of T;

by equation (5.1).

Definition 5.6. The product of the BA-functions of Q € Gr(k((z2))) and W €
Gr(V,) is defined by:

Yw (To, te) % Va(2,t) == f* (Yw (To, te) @k a(z,1))
The product of ¥q(z,t) by the u-th BA-function of W, ¢, w (Te, te), can be defined

in similar way.

Proposition 5.2. Let W € Gr(V,) and let Q@ € Gr(k((2))) be such that W - €
Gr(V,). We thus have that:

‘WQ(% t) * 7#I,W(T’h t0)7 R 7'(/)9(2’ t) * wr,W(TM t.)}
is a generating system for Q- W. Explicitly:

1/19(2775) * qu’W(T.?t.) = (wﬂ(Z,t) : wil,ed/(Tlat0>7 cee 7¢Q(Zat) : wq(:%/v(T’mtO)) )
where
ti

pa=,t) = (- Y )

To(t + [z]))
TQ(t) ’

and

@)
; t; (te + [T3])
(’L) —_ J TWu,z( G

= &yi exp(— _— ) .
1/}u,W wi €XP( ;21 Tf ) T (te)

Proof. These functions are a generating system by Theorem 5.2 and Remark 5.7.
The explicit formula follows from Remark 5.3, Definition 5.4, and the definition of
the graph morphism. O
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5.4. Equations for Higgsy .

Theorem 3.3 says that a rational point (W, p(T)) of UF x A lies on the image
of:

Higgsx — UT x A

if and only if T(W) C W - Q, where 2 € Gr(k((2))) is the point defined by the
canonical line bundle wx, and 7" is the multiplication by 7" in V},. Bearing in mind
the decomposition V), = V; x---xV,, the image of T'is Ty = (11, . .., T,). Therefore,
if we think of T" as an operator in V), it is easy to see that T is self-adjoint w.r.t.
the pairing T9 defined in section 5.2.1; that is:

To(T -v,0") =Ta(v,T-0")  Vu,0' €V,.

Theorem 5.4. Let (W,p(T)) € U x A be a rational point, Q € Gr?(k((2))),
and let us assume that W € Gr™(V},)) (with m # (r —n)).

(W, p(T)) lies in the image of Higgs¥ — U x A if and only if:
Up—n—m * Lo - ¢:7w(Toato) Um * 'l]Z)Q—l(Z,t) . wmw(T.,t.)
(A,....Tu,....1)  ° 2%9-(1,....T,,...1)

foralll <wu,v<r.

To( )=0

Proof. By theorem 3.3, (W, p(T')) € U x A lies on the image of Higgs¥ — UF xA
ifand only if T- W C W - Q. We now have:

T-WCW-Q <= W-Q'CT ' W <= (T"-W)rcw.-QH*,

where L denotes the orthogonal w.r.t. Ts.
Because T is self-adjoint, we have:

TP wW)t:={veV,| To(w, T ' w)=0 YweW}=
p
={veV,| To(T - v,w)=0 YweW}=
p
={weV, | TV vewt=T-wt.

Since multiplying by T corresponds to the multiplication by T, using Theorem 5.3
we have that:

Viw (Teste), sy w (T, te)
is a generating system for W+. Therefore:
To - b1 w(Teste), - To - by (T, ta)
is a generating system for 7' - W+ and (by Theorem 5.3):
To -y (Tu,ta) =

=0 (L Ty 1) S (Tl (M), T - 0l 57 (1)) s (1)
1>0
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Since T5 is non-degenerate and because of Remark 5.7 and Theorems 5.2 and 5.3,

we conclude that 7- W+ C (Q~1- W)= if and only if the following set of equations

is satisfied:

Ur—n—m - T’ ’ wZ,W(Th t') Um - '(/JQ*1 (Z7 t) i v,W(Toa to)
(1,...,Tyy. .., 1) ’ 239 - (1,...,Ty,... 1)

forall 1 <wu,v <r. |

To( )=0

5.5. Equations for irreducible polynomials.

In this section, we compute the equations describing Higgss for the case in
which the spectral cover m: X, — X is totally ramified at z € X (that is, 77 (z) =
ny). These equations will be given in terms of the characteristic coefficients of the
formal Higgs field.

In our formal setting, to assume this hypothesis implies that the characteristic
polynomial of the formal Higgs field is irreducible. Henceforth, let us assume that
we are given an irreducible polynomial:

p(T)=T" — a1 T" ' +--- 4 (=1)"a,.

The multiplication by T in V,, = k((2))[T]/p(T) w.r.t. the basis {1,7,...,7""'}
corresponds to the matrix:

0- -0(-1)""a,

10 - (=1)"an_y
T 010
010 —as
0 - 01 a1

By equation (5.1) we are in the following case:

Vo = k(()T]/p(T) = k((2)[T]/T" — 2u(T),

such that «(7T") can be computed explicitly in terms of aq, ..., a,. Note in addition
that multiplying by 7~" makes sense in V}, (but not in V).
If W e Gr™(V,), then its BA-function is given by:

Yw (2, Tot) = TN i) (2, Thpi(tn) (5.3)
>0

where {w‘(,f,)(z,T )}i is a basis for W and p;(¢,) are functions in ¢, (see Remark
5.7 and note that we are writing ¢,, for the coordinates of va). Observe that the
orthogonal W+ w.r.t. the metric Ty definied in section 5.2.1 lies on Gr~"™(V},). We
therefore have:

Ui (Tota) = TN gt (T)pi (ta), (5.4)

>0
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where {1/}31}(i)(T)}i is a basis for W+ and p?(t,) are functions in t,.
Additionally, as in section 5.3 we can define the product of the BA-function
Va-1(z,t) of Q71 € Gr(k((2))) by the BA-function Wy (z,T,t,) of W € Gr(V,).
In order to compute explicit equations for Higgss , BA-functions will be thought
of as mere functions on V,; that is, as polynomials on 7" with coefficients in k((z)).
In this way, we set:

Uy (2,T) = i Uy, ()T, Uy i(2) € k((2)) (5.5)
=0

Uiy (2,T) = X_: iy ()T, w,i(2) € k((2)) - (5.6)
1=0

Let (E, ¢, ¢) be a rational point of Higgs¥ and let:
pa(T) =T" —arT" " + -+ (=1)"a, € A(k)
be its formal characteristic polynomial. Newton-Girard identities (see Section 1.2 of
[8]) express Tr(77) in terms of a; = Tr(A'T) as follows:
ap 1 0

2a2 al 1 0 -

3ag as a; 10

Tr(77) = ck((2)), Vi>0 (5.7)

aip 1
lmj aj—1 aj—2 - - a1

where a; = 0 for j > n.
Let us now consider the the subscheme Higgs¥ (n) of Higgss for which the
spectral cover m: X, — X is totally ramified at z (7! (z) = ny).

Theorem 5.5. Let (W, p(T)) be a rational point of UY x A. Therefore, (W, p(T))
lies on the image of Higgs¥ (n) — UF x A if and only if p(T) is irreducible and:
2n—2
dz

D D Resemo (Wiyi(2) Va1 (2) Waw () Te(TH 1)) o = 0
k=0 i+j=k

Proof. Using expressions (5.3) and (5.4), Remark 5.7 and Theorem 5.4, we have
that (W,p(T)) lies in the image of Higgsy™" — UF x A if and only if:

Ts (T : T71+m ’ w;[/(sza tn)vTilim : ”(/}971(2’,15) ’ ww(Z,T, tn) : 2739) =0. (58)

In order to make this formula explicit, observe that the k-algebra structure in V),
is simply the standard polynomial multiplication mod p(7T'). Thus, by using the
polynomial expressions (5.5), (5.6) and the definition of Ty (see Section 5.2.1),
equation (5.8) becomes:
2n—2
Res.—o (Tr( Y > iy (2) Va1 (2)Uw,;(2)TF 1 27%))dz = 0.
k=0 i+j=k
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Bearing in mind that the trace map is k((z))-linear and the linearity of Res, we
obtain the result. O

Remark 5.9. These techniques can also be used to give a different way of comput-

ing the equations for the subscheme HiggsSe(1,...,1) (on which the spectral cover
is not ramified) addressed in [7].
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