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a b s t r a c t

In this paper we show the existence of a group acting infinitesimally transitively on the
moduli space of pointed-curves and vector bundles (with formal trivialization data) and
whose Lie algebra is an algebra of differential operators. The central extension of this
Lie algebra induced by the determinant bundle on the Sato Grassmannian is precisely a
semidirect product of a Kac–Moody algebra and the Virasoro algebra. As an application of
this geometric approach, we give a local Mumford-type formula in terms of the cocycle
associated with this central extension. Finally, using the original Mumford formula we
show that this local formula is an infinitesimal version of a general relation in the
Picard group of the moduli of vector bundles on a family of curves (without any formal
trivialization).

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Uniformization of geometric objects, which is of special mathematical relevance on its own, also has significant
consequences in other topics such as mathematical physics. We illustrate this by mentioning a couple of cases. The
uniformization theorem of Riemann surfaces was a key issue in Segal’s approach to CFT (see the notion of annuli in [1]).
Another example is construction of the moduli space of vector bundles on an algebraic curve as a double coset [2], which
has been applied in a variety of problems such as proof of the Verlinde formula [3] and development of the geometric theory
of conformal blocks [4].

The infinitesimal study of uniformization has also led to connections of moduli theory, integrable systems and
representation theory [5,6]. Indeed, if a group is acting on a moduli space such that the action is infinitesimally transitive,
then the action of the Lie algebra can help us to the study the properties of that moduli space. Furthermore, a link with
the representation theory of infinite Lie algebras also becomes apparent. Arbarello et al. explicitly showed a connection
between the representation theory of the Virasoro algebra and the moduli space of line bundles over pointed curves (with
formal extra data) [7]. The infinitesimal version of Mumford’s formula is another example of this fruitful approach [8].
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Following this approach, a natural question is to consider the higher rank case, that is, pairs consisting of a curve and
a vector bundle (related to the higher rank ‘‘generalized’’ bc-system [9]). In fact, this higher rank generalization shows a
geometric interpretation of a semidirect product of a Kac–Moody algebra and the Virasoro algebra [10,11] and allows us to
state a Mumford-type formula for the moduli space of pairs consisting of a curve and a vector bundle.

We explain this in more detail by considering the following. On one hand, using the algebro-geometric version of the
Krichever map, we endow the moduli space of the five-tuple (X, x, z, E, φ) (consisting of a smooth projective curve X , a
point x ∈ X , a local coordinate z at x ∈ X , a rank n vector bundle E over X and a formal trivialization φ of E at x) with a
scheme structure inside the Sato Grassmannian. On the other hand, we define a group of semilinear automorphisms and
show that its Lie algebra is an algebra of first-order differential operators with scalar symbol.

The first relevant fact is that these two objects are related: the group is the uniformization of the moduli space in the
sense that its Lie algebra surjects onto the tangent space of the moduli space (Theorem 3.7). Roughly speaking, we could say
that this group can be thought of as a ‘‘local’’ moduli space of pairs consisting of a curve and a vector bundle.

The second significant issue is that the central extension induced by the determinant bundle on the Sato Grassmannian of
the Lie algebra of the groupmentioned above (associated with its action on the Sato Grassmannian) is precisely a semidirect
product of a Kac–Moody algebra and the Virasoro algebra. This offers a geometric point of view of this well-known algebra,
and it should be noted that it is closely related to Atiyah and W algebras, which have appeared in various models of two-
dimensional quantum field theory and integrable systems [12–15]. As an application of this geometric reformulation, we
explicitly compute the cocycle cn,β associated with the central extension and show the following relation (Theorem 4.4):

cn,β = βcn,1 + (1− β)cn,0 + 6nβ(β − 1)vir1, (1.1)

where vir1 is the cocycle associated with the Virasoro algebra. This should be thought of as a higher rank generalization of
the infinitesimal version of the Mumford formula [8].

Finally, we prove the following relation (Theorem 5.1) for the Picard group of the moduli of vector bundles on a family
of curves (without any formal trivialization):

Lβ
∼
→ L

⊗β

1 ⊗L
⊗(1−β)

0 ⊗ p∗λ⊗6nβ(β−1)
1 ,

which is a global version of (1.1).

2. Moduli of curves with vector bundles

Throughout this paperwe use the fieldC of complex numbers, although all results are valid over an arbitrary algebraically
closed field of characteristic 0. When no confusion arises, and for the sake of clarity, we deal with rational points (i.e., C-
valued points).

We now provide an overview of the relationship between the moduli space of vector bundles and the infinite Sato
Grassmannian. The following statements are taken from the literature [16–19].

Let U∞g (n, d) denote the moduli functor whose rational points are tuples (X, x, z, E, φ), where X is a smooth, projective
and irreducible curve of genus g with marking x ∈ X , z is a formal parameter on x

OX,x
∼
→C[[z]], (2.1)

E is a rank-n and degree-d vector bundle on X , and φ is a OX,x-module isomorphism

φ : Ex ∼→ On
X,x. (2.2)

Recall that the infinite Grassmannian of (V = C((z))n, V+ = C[[z]]n) has a decomposition into connected components:

Gr(V ) =

m∈Z

Grm(V ),

where Grm(V ) consists of the subspacesW ∈ Gr(V ) such that

m = dimC(W ∩ V+)− dimC(V/W + V+).

Definition 2.1. The Krichever map is defined by:

Kr : U∞g (n, d) −→ Grχ (V )

(X, x, z, E, φ) −→ H0(X − x, E),

where H0(X − x, E) is understood as a subspace of V via the isomorphisms (2.1) and (2.2), and χ = n(1 − g) + d (i.e., the
Euler–Poincaré characteristic of E).
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Its image is characterized in the following theorem.

Theorem 2.2. A point W ∈ Grχ

V

lies on the image of the Krichever map if the stabilizer algebra of W

AW := Stab(W ) = { f ∈ C((z)) | f ·W ⊆ W }

belongs to Gr1−g

C((z))


and AW is a regular ring. Moreover, the Krichever morphism is injective.

Proof. The proof follows from [18,19]. �

Remark 2.3. Note that the smoothness of X is equivalent to the regularity of AW . If X is allowed to be singular, then the
characterization requires a maximality condition for AW analogous to that of [17, Section 6], in which the case of rank 1 was
considered. If the aim is to characterize points with values in any C-scheme S, the approach of Mulase can be followed [18];
in this case the flatness of AW over S has to be imposed.

Theorem 2.4. The moduli space U∞g (n, d) is representable by a subscheme of Grχ (V ).

Proof. The proof follows from [18,19]. �

We now study this moduli space infinitessimally. With the same notations as before, we introduce D iff 1X/C(E, E) as the
sheaf of differential operators of order ≤ 1 from E to E over OX . Recall that this fits into the following exact sequence of
sheaves:

0→ EndOX E → D iff 1X/C(E, E)
σ
−→ TX ⊗OX EndOX E → 0,

where σ is the symbol morphism [20, Chapter 16] and TX denotes the tangent sheaf.
We consider the subsheaf D1

X/C(E, E) of D iff 1X/C(E, E) of scalar differential operators, that is, those whose symbol
morphism take values in

TX ⊗OX OX ↩→ TX ⊗OX EndOX E,

where OX ↩→ EndOX E is the canonical morphism. That is,

0→ EndOX E → D1
X/C(E, E)

σ
−→ TX → 0. (2.3)

Note that if E has rank 1, then D iff 1X/C(E, E) = D1
X/C(E, E).

Remark 2.5. In the literature, this sequence is also referred to as the Atiyah exact sequence, and D1
X/C(E, E) is the well-

known Atiyah bundle [Eq. (3.3) is a formal analog of this sequence]. For the purpose of this paper, it is also interesting to
think of this object as the Atiyah algebra of [12]. Furthermore, the bundle ATr E of [12] is the extension

0→ OX → D1
X/C(E, E)

σ
−→ TX → 0

induced by the sequence (2.3) and the trace map Tr : EndOX E → OX .

Theorem 2.6. We have an isomorphism of C-vector spaces

TE U∞g (n, d)
∼
→ lim
←−
m

H1(X, D1
X/C(E, E(−mx))),

where E = (X, x, z, E, φ) ∈ U∞g (n, d) is a rational point.

Proof. Let Um be the functor whose rational points are Em = (X, x, zm, E, φm), where X is a smooth projective curve, x ∈ X
is a point,

zm : OX // // C[z]/zmC[z]

is anm-level structure at x ∈ X , E is a rank-n vector bundle on X and

φm : E // // (OX/OX (−mx))⊕n

is anm-level structure of E [21]. Note that U∞g (n, d) = lim
←−m

Um.
Recalling previous ideas in the literature [7,22–24], we have

TEm Um ∼
→H1(X, D1

X/C(E, E(−mx))).

Taking the inverse limit inm, the result follows. �
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Theorem 2.6 can be also interpreted via the Krichever map. In other words, we can explicitly identify TE U∞g (n, d) with
a subspace of TE Grχ (V ). Let M∞g denote the moduli space of triples (X, x, z), where X has genus g . We know that [17,25]

TW Gr(V )
∼
→HomC(W , V/W )

TAW M∞g
∼
→DerC(AW , C((z))/AW )

forW ∈ Gr(V ) and AW ∈ Gr

C((z))


.

Proposition 2.7. Let E be a point in U∞g (n, d) and let W be its image under the Krichever map. The Krichever map induces an
isomorphism of C-vector spaces from the tangent space of U∞g (n, d) at E to the space of first-order scalar differential operators
from W to V/W as AW -modules, which is equivalent to

TE U∞g (n, d)
∼
→D1

AW /C(W , V/W ).

Proof. Using Theorem 2.2, we can write

TW U∞g (n, d) = {W ∈ TW Gr(V ) such that AW = Stab(W ) ∈ TAW Gr

C((z))


}.

Since AW is a C[ϵ]/(ϵ2)/ϵ2-algebra, there exists g ∈ DerC(AW , C((z))/AW ) satisfying AW = {a + ϵg(a), a ∈ AW }. By
contrast,W ∈ TW Gr(V ), so there exists f ∈ HomC(W , V/W ) such that

W = {w + ϵf (w), w ∈ W }.

SinceW is an AW -module, for each a ∈ AW and w ∈ W there exists w′ ∈ W satisfying

(a+ ϵg(a))(w + ϵf (w)) = w′ + ϵf (w′),

from where we deduce

f (aw) = af (w)+ g(a)w.

Thus, following [20, Chapter 16], f belongs to D1
AW /C(W , V/W ). The converse is straightforward. �

We now address the dependence between the infinitesimal deformation of the curve and the infinitesimal deformation
of the bundle. Let U∞g (n, d)→M∞g be the forgetful functor. Therefore, its fiber at point (X, x, z) corresponds to U∞X (n, d),
which denotes the moduli space of pairs consisting of rank-n and degree-d vector bundles over X endowed with a formal
trivialization at x ∈ X . Thus, considering the long exact sequence of cohomology of

0→ HomX (E, E(−mx))→ D1
X/C(E, E(−mx))→ TX (−mx)→ 0,

we obtains

0→ T(E,φ) U∞X (n, d)→ TE U∞g (n, d)→ T(X,x,z) M∞g → 0, (2.4)

where E = (X, x, z, E, φ).
In the context of the infinite Grassmannian, (2.4) is (using Proposition 2.7):

0→ HomAW (W , V/W )→ D1
AW /C(W , V/W )→ DerC(AW , C((z))/AW )→ 0.

The surjective arrow is the symbol map.

3. Uniformization of the moduli space

In this section we define a group of semilinear automorphisms that play the role of ‘‘local generator’’ for the moduli
space U∞g .

Definition 3.1. We define the group of automorphisms of C-algebras of C((z)) as the group functor over the category of
C-schemes given by

S  G(S) := AutH0(S,OS )−alg H
0(S, OS)((z)),

where the group law is the composition. This functor is representable by a C-scheme that we denote by G [8].

Let V = C((z))n denote n copies of the field of the Laurent series and let V+ = C[[z]]n denote n copies of the formal
power series ring.
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Definition 3.2. We define the group GlC(V ) as the group of C-linear automorphisms h : V
∼
→ V such that

(V+ + hV+)/(V+ ∩ hV+)

is a finite-dimensional C-vector space. This group is called the restricted linear group [17,2].

Let GlC((z))(V ) denote the C((z))-linear group of V = C((z))n.

Definition 3.3. We define the group functor SGlC((z))(V ) of semilinear automorphisms of V as the subfunctor of GlC(V )
whose rational points are C-linear automorphisms

γ : V
∼
→ V

for which there exists an automorphism of C-algebras of C((z)), g ∈ G, satisfying

γ (z · v) = g(z) · γ (v). (3.1)

Following previous ideas [8], the definition of this group functor for points with values in any C-scheme can be given.

Proposition 3.4. We have a canonical exact sequence of group functors

0→ GlC((z))(V )→ SGlC((z))(V )→ G→ 0.

Moreover,

SGlC((z))(V ) = GlC((z))(V ) o G .

Proof. Bearing in mind that G acts on GlC((z))(V ) by conjugation, the result follows from [26, Chapter IV.6]. In particular, the
composition law in SGlC((z))(V ) is explicitly given by

(γ1, g1) ∗ (γ2, g2) = (cg2(γ1) ◦ γ2, g1 ◦ g2),

where cg2(γ1) = g−12 ◦ γ1 ◦ g2 is the action of G on GlC((z))(V ) by conjugation. �

Let g, glC((z))(V ) and sglC((z))(V ) denote the Lie algebras of G, GlC((z))(V ) and SGlC((z))(V ), respectively. Let
D iff 1C((z))/C(V , V ) denote the space of differential operators of order≤ 1 from V to V over C((z)), and consider the subspace
D1

C((z))/C(V , V ) of scalar differential operators [20, Chapter 16].

Proposition 3.5. sglC((z))(V ) = D1
C((z))/C(V , V ) are Lie subalgebras of EndC V .

Proof. Let C[ϵ]/(ϵ2) be the ring of dual numbers. By definition, sglC((z))(V ) consists of C[ϵ]/(ϵ2)-linear automorphisms γ

of V ⊕ ϵV such that γ|ϵ=0 = Id and for which there exists a C[ϵ]/(ϵ2)-algebra automorphism

g : C((z))⊕ ϵC((z))
∼
→C((z))⊕ ϵC((z))

satisfying g|ϵ=0 = Id and γ (zv) = g(z)γ (v).
Since γ is a C[ϵ]/(ϵ2)-linear automorphism, we can write γ = Id+ϵγ0, where γ0 ∈ EndC V . Similarly, since g is a

C[ϵ]/(ϵ2)-algebra automorphism, this implies that g = 1+ ϵg0, where g0 ∈ g
∼
→DerC


C((z))


[8]. The condition

(Id+ϵγ0)(zv) = (1+ ϵg0)(z)(Id+ϵγ0)(v)

implies

γ0(zv) = zγ0(v)+ g0(z)v, (3.2)

that is, γ0 ∈ D1
C((z))/C(V , V ). Thus, we have obtained a C-vector space isomorphism

sglC((z))(V )
∼
→D1

C((z))/C(V , V )

Id+ϵγ0 → γ0.

It remains to show that this is a Lie algebra isomorphism. Observe that by its very definition, D1
C((z))/C(V , V ) fits into the

following exact sequence:

0→ EndC((z)) V → D1
C((z))/C(V , V )

σ
−→ DerC


C((z))


→ 0, (3.3)

where σ is the symbol map. Note that σ(γ0) = g0.
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Bearing in mind that DerC

C((z))


= C((z))∂z and that this sequence splits as a sequence of vector spaces, we can

express the elements of D1
C((z))/C(V , V ) as γ + g∂z , where γ ∈ EndC((z)) V and g ∈ DerC


C((z))


. However, the Lie bracket

of D1
C((z))/C(V , V ), which is canonically inherited from that of EndC V , is given by:

[γ1 + g1∂z, γ2 + g2∂z] = [γ1, γ2] + [g1∂z, g2∂z] + g1∂z(γ2)− g2∂z(γ1).

Set {Lr = zr+1∂z | r ∈ Z} as a basis for DerC

C((z))


and {Es

ij | s ∈ Z , i, j = 1, . . . , n} as a basis for EndC((z)) V (where
Es
ij is an n × n matrix whose (i, j) entry is zs and 0 otherwise). The Lie bracket of D1

C((z))/C(V , V ) is given by the following
rules [27]:

[Lr , Ls] = (s− r)Lr+s
[Er

ij, E
s
kl] = δjkEr+s

il − δliEs+r
kj

[Lr , Es
kl] = sEr+s

kl .

(3.4)

It is straightforward to check that these expressions coincide with those for the Lie bracket of sglC((z))(V ). �

Remark 3.6. Note that (3.2) means that γ0 can be viewed as a covariant derivative along the vector field g0(z) ∈
DerC


C((z))


. This type of structure is also considered in [14, Section 1].

We now show that the group SGlC((z))(V ) can be thought of as a ‘‘local generator’’ for the moduli space U∞g (n, d).

Theorem 3.7. The group SGlC((z))(V ) acts on U∞g (n, d) and this action is locally transitive.

Proof. First, note that the action of SGlC((z))(V ) on V gives rise to an action of SGlC((z))(V ) on Grχ (V ). Recall (Theorem 2.2)
that rational points of U∞g (n, d) correspond to the points W ∈ Grχ (V ) such that AW belongs to Gr1−g


C((z))


and AW is

regular.
We must first check that SGlC((z))(V ) acts on U∞g (n, d); this means that for all γ ∈ SGlC((z))(V ) and all W ∈ U∞g (n, d),

γ (W ) ∈ Grχ (V ) and Aγ (W ) ∈ Gr1−g

C((z))


hold. It is straightforward to see that γ (W ) ∈ Grχ (V ). Moreover,

Aγ (W ) = {a ∈ C((z)) | a · γ (W ) ⊆ γ (W )} = {a ∈ C((z)) | γ−1(a · γ (W )) ⊆ W }
= {a ∈ C((z)) | g(a) ·W ⊆ W } = g(AW ),

where g ∈ G satisfies γ (zv) = g(z)γ (v) (Definition 3.3). The conclusion follows since g(AW ) ∈ Gr1−g

C((z))


[8, Theorem 4.9] and g(AW ) is regular.

To see that the action of SGlC((z))(V ) is locally transitive, it suffices to prove that the orbit morphism is surjective at the
level of tangent spaces [8]. That is, we have to check that

sglC((z))(V )→ TE U∞g (n, d)

is surjective for all E = (X, x, z, E, φ) ∈ U∞g (n, d). Consider the following exact sequence:

D1
X/k(E, E(−mx)) ↩→ D1

X/k(E, E(m̄x)) � D1
X/k(E, (OX (m̄x)/OX (−mx))n).

Taking cohomology lim
←−m

and lim
−→m̄

, we obtain

0→ H0(X − x, D1
X/C(E, E)) → lim

−→
m̄

lim
←−
m

D1
X/k(E, (OX (m̄x)/OX (−mx))n)

→ lim
←−
m

H1(X, D1
X/C(E, E(−mx)))→ 0, (3.5)

where lim
←−

H1(X, D1
X/C(E, E(−mx)))

∼
→ TE U∞g (n, d) by Theorem 2.6.

Note that

lim
−→
m̄

lim
←−
m

D1
X/k(E, (OX (m̄x)/OX (−mx))n) = D1

C((z))/C(V , V ) = sglC((z))(V )

implies the exactness of the sequence

0 // H0(X − x, D1
X/C(E, E)) // sglC((z))(V ) // TE U∞g (n, d) // 0

and the statement is proved. �
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Remark 3.8. There are similar sequences for M∞g and U∞X (n, d) to that for U∞g (n, d) given in (3.5) [8]. Therefore, we have
the following diagram:

0

��

0

��

0

��
0 // H0(X − x, EndXE)

��

// glC((z))(V )

��

// T(E,φ) U∞X (n, d)

��

// 0

0 // H0(X − x, D1
X/C(E, E))

��

// sglC((z))(V )

��

// TE U∞g (n, d)

��

// 0

0 // H0(X − x, TX )

��

// g

��

// T(X,x,z) M∞g

��

// 0

0 0 0

which is identified (via the Krichever map) with the diagram:

0

��

0

��

0

��
0 // EndAW W

��

// EndC((z)) V

��

// HomAW (W , V/W )

��

// 0

0 // D1
AW /C(W )

��

// D1
C((z))/C(V )

��

// D1
AW /C(W , V/W )

��

// 0

0 // DerC(AW )

��

// DerC

C((z))


��

// DerC(AW , C((z))/AW )

��

// 0

0 0 0

Remark 3.9. Our approach can be viewed as a generalization of previous works [7,25]. In fact, if we restrict ourselves to the
rank 1 case and look at the level of tangent spaces, then the relation to the results of Arbarello et al. [7] becomes apparent.
Furthermore, here we are essentially studying bundles on curves, whereas Muñoz Porras and Plaza Martín [25] deal with
coverings of curves; the techniques and goals are, however, similar and closely related.

Remark 3.10. Falqui and Reina used similar techniques to prove that for n = 2, d = 1, there is an isomorphism between
the second cohomology group of D1

= slC((z))(V ) o g (where slC((z))(V ) denotes the Lie algebra of the special linear group)
and the second rational cohomology group of the moduli space parametrizing four-tuples consisting of a curve, a point, a
tangent vector and a rank-2 vector bundle with fixed determinant [28]. This cohomological application for higher rank and
arbitrary determinants will be the subject of future research.

4. Central extensions and cocycles: Kac–Moody and Virasoro algebras and a local Mumford-type formula

In this section we demonstrate that some central extensions defined by the Lie algebra sglC((z))(V ) come from pullbacks
of algebras of the Virasoro type, while others arise as intertwinements of Kac–Moody and Virasoro algebras. We explicitly
compute the associated cocycles and give a relation among them that should be thought of as a localMumford-type formula.

First, we review some facts concerning the construction of a family of Virasoro algebras [8, Section 3.5]. Let Gr(V ) denote
the infinite Grassmannian associated with (V , V+) [16,17]. Its rational points correspond to the vector subspaces W ⊆ V
such that

W ∩ V+ and V/W + V+

are finite-dimensional vector spaces over C.
The group GlC(V ) acts on Gr(V ) and preserves the determinant bundle. Therefore, we have the canonical central

extension induced by the determinant bundle

1→ C∗ → GlC(V )→ GlC(V )→ 1

and the cocycle associated with this central extension is given by

c(g1, g2) = det(ḡ1 ◦ (g1 ◦ g2)−1 ◦ ḡ2),

where ḡi are preimages of gi.
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Let Id+ϵiDi be a C[ϵi]/ϵ2
i -valued point of GlC(V ). The very definition of the cocycle at the Lie algebra level yields the

expression

cLie(D1,D2) = Tr(D+−1 D−+2 − D+−2 D−+1 ), (4.1)

where D+−i : V
+
→ V− is induced by Id+ϵiDi w.r.t. the decomposition V

∼
→ V− ⊕ V+ where V− = z−1C[z−1]n,

V+ = C[[z]]n.
Fix an integer number β and consider the C-vector space C((z))(dz)⊗β . There is an action of G on C((z))(dz)⊗β defined

by

µβ : G×C((z))(dz)⊗β
→ C((z))(dz)⊗β

(g(z), f (z)(dz)⊗β) → f

g(z)


g ′(z)β(dz)⊗β ,

(4.2)

which induces an action on Gr(C((z))(dz)⊗β) (denoted again by µβ ) verifying

µβ(g(z)) = g ′(z)βµ0(g(z))

and preserving the determinant line bundle. Therefore, we may consider the associated central extension

1→ C∗ →Gβ → G→ 1. (4.3)

As β varies in Z, the cocycles corresponding to these central extensions are as follows:

virβ(Lr , Ls) = δr,−s


r3 − r

6


(1− 6β + 6β2) (4.4)

at the Lie algebra level. Note thatg1 is precisely the Virasoro algebra, and the formula

virβ = vir1 · (1− 6β + 6β2) (4.5)

is a local analog of the Mumford formula, where vir1 is the standard cocycle associated with the Virasoro algebra.

Remark 4.1. Note that M∞g is stable under the action of G [8] and an explicit analytic description of this action has been
reported by Biswas and Raina [29].

Following these ideas, we compute new cocycles. Note that each central extension

1→ C∗ →Gβ → G→ 1

can be pulled back to SGlC((z))(V ) by the surjection SGlC((z))(V )
pn
−→ G (recall that n = dimC((z))V ), yielding a central extension

1→ C∗ → SGlC((z))(V )×GGβ → SGlC((z))(V )→ 1. (4.6)

Let virn,β denote the cocycle corresponding to this central extension induced at the Lie algebra level. By construction, we
have

virn,β = p∗n(virβ). (4.7)

More explicitly, the following formulae hold:

virn,β(Lr , Ls) = n · δr,−s ·
s3 − s

6
(1− 6β + 6β2)

virn,β(Er
ij, E

s
kl) = 0

virn,β(Lr , Es
ij) = 0

(4.8)

with the same notations as for (3.4). In particular, virn,β = n · vir1,β .
The next step is to find a family of central extensions of SGlC((z))(V ) that intertwine the structure of both glC((z))(V )

Kac–Moody and Virasoro algebras at the Lie algebra level.
Similarly to the case of G, there is a natural action of SGlC((z))(V ) on Vn,β = (C((z))(dz)⊗β)n defined by

µn,β

γ (z · v)


= g ′(z)β · γ (v).

Theorem 4.2. The action µn,β induces an action of SGlC((z))(V ) on Gr(V ) that preserves the determinant line bundle, and
therefore there exists a central extension

1→ C∗ → SGlβC((z))(V )→ SGlC((z))(V )→ 1

canonically associated with µn,β .
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Proof. By Proposition 3.4, SGlC((z))(V ) is the subgroup of GlC(V ) generated by G and GlC((z))(V ). Using [8, Theorem 2.2], the
first part of the statement follows. The existence of the central extension is a consequence of [8, Theorem 2.3]. �

Taking into account the expressions of Eq. (3.4), the Lie algebra structure ofsgl
β

C((z))(V ) is governed by the following rules:

[Lr , Ls] = (s− r)Lr+s + cn,β(Lr , Ls)

[Er
ij, E

s
kl] = δjkEr+s

il − δliEs+r
kj + cn,β(Er

ij, E
s
kl)

[Lr , Es
kl] = sEr+s

kl + cn,β(Lr , Es
kl),

where cn,β denotes the corresponding cocycle. It is then clear that sgl
β

C((z))(V ) is a family of a semidirect product of a
glC((z))(V ) Kac–Moody and a Virasoro algebra.

Proposition 4.3. The cocycle cn,β associated with the central extension sgl
β

C((z))(V ) is given by

cn,β(Lr , Ls) = n · δr,−s ·
r3 − r

6
(1− 6β + 6β2)

cn,β(Er
ij, E

s
kl) = δr,−sδilδjk · s

cn,β(Lr , Es
ij) = δr,−sδij ·

r(r + 1)
2

(1− 2β).

Proof. Let {ek | k ∈ Z} be a basis of V , where ek = (0, . . . , 0, zk1k2 , 0, . . . , 0) (i.e. z
k1 in the k2-th entry and 0 elsewhere) and

k = k1n+ k2 − 1 with k1 ∈ Z and k2 = 1, . . . , n.
Recall that the action of SGlC((z))(V ) on Vn,β = (C((z))(dz)⊗β)n is defined by

µn,β

γ (z · v)


= g ′(z)β · γ (v).

Therefore, the action of GlC((z))(V ) does not depend on β . The Z× Z-matrix associated with µn,β(Lr) is


µn,β(Lr)


lk =

1 if l1 = k1 and l2 = k2
ϵ ·


k1 + β(1+ r)


if l1 = k1 + r and l2 = k2

0 otherwise,

and the element in EndC(V ) corresponding to (Id+ϵEr
ij) is

(Id+ϵEr
ij)lk =

1 if l1 = k1 and l2 = k2
ϵ if l1 = k1 + r and l2 = i and k2 = j
0 otherwise.

Taking into account (4.1), the result follows. �

Using the above results, we can check that the semidirect product of the Virasoro and Kac–Moody algebra considered
by Goddard and Olive [11] (quantum physics) coincides with the Lie algebra sgl

β

C((z))(V ) for β = 1
2 . See also Eq. (4.2) of

Semikhatov for the rank 1 case [30].

Theorem 4.4 (Local Mumford-type Formula). The following relation holds:

cn,β = βcn,1 + (1− β)cn,0 + 6nβ(β − 1)vir1.

Proof. Using Proposition 4.3 and Eq. (4.8), the values of the cocycles for a pair of elements of the basis can be arranged as
in the following table.

(Lr , Ls) (Lr , Es
ij) (Er

ij, E
s
kl)

virn,1 n · δr,−s r
3
−r
6 0 0

cn,0 n · δr,−s r
3
−r
6 δr,−sδij ·

r(r+1)
2 δr,−sδilδjk · s

cn,1 n · δr,−s r
3
−r
6 −δr,−sδij ·

r(r+1)
2 δr,−sδilδjk · s

cn,β n · δr,−s r
3
−r
6 (1− 6β + 6β2) δr,−sδij ·

r(r+1)
2 (1− 2β) δr,−sδilδjk · s

From the table it is evident that

cn,β = βcn,1 + (1− β)cn,0 + 6β(β − 1)virn,1

and by virtue of (4.7) we have

virn,1 = n · vir1.
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Therefore,

cn,β = βcn,1 + (1− β)cn,0 + 6nβ(β − 1)vir1. �

We now show how the above result can be restated in terms of bitorsors or, equivalently, line bundles over SGlC((z))(V )
(see [31, Exposé VII] for the relationships among bitorsors, line bundles and extensions). Let Ln,β denote the bitorsor over
SGlC((z))(V ) associatedwith SGlβC((z))(V ) (Theorem4.2) and letΛ1 be the bitorsor overG corresponding toG1 [Eq. (4.3)]. Thus,
Theorem 4.4 is equivalent to the following identity:

Ln,β ≃ L⊗β

n,1 ⊗ L⊗(1−β)

n,0 ⊗ p∗Λ⊗6nβ(β−1)
1 , (4.9)

where p is the natural projection map SGlC((z))(V )→ G.
We finish this section with a brief discussion of the properties of SGlC((z))(V ) and, more precisely, of the relationship

between its Lie algebra and the Atiyah and W1+∞ algebras. From our point of view, these connections make SGlC((z))(V ) a
relevant object that deserves deeper study.

First, observe that there is a pullback map from the central extensions of sglC((z))(V ) to those of glC((z))(V )

H2(sglC((z))(V ), C) −→ H2(glC((z))(V ), C) (4.10)

defined by restriction through the inclusion glC((z))(V ) ↩→ sglC((z))(V ). Note that the Kac–Moody algebra is a central
extension of glC((z))(V ). In this way, we establish a link with the theory of Kac–Moody algebras and by considering the
action on the spaces of global sections of powers of the determinant bundle, we obtain semi-infinite wedge representations
of such algebras [27, Lecture 9]. In addition, recall that Section 4 provides a map

H2(g, C) ↩→ H2(sglC((z))(V ), C),

where g = Lie(G) is referred to in the literature as the Witt algebra and its central extension is the Virasoro algebra.
Summing up, the structures of both Kac–Moody and Virasoro algebras are intertwined naturally into a single object,

namely, the group functor SGlC((z))(V ). This group is endowed with a geometric meaning (in terms of vectors bundles over
algebraic curves) in the following section.

Furthermore, the Lie algebra sglC((z))(V ) can be thought of as a formal analog to the so-called Atiyah algebras [12]. It
is worth pointing out that by the equivalence of categories between Atiyah algebras and algebras of differential operators
[12, Section 1], the algebra of differential operators associatedwith sglC((z))(V ) is precisely glC((z))(V )⊗C C[[∂z]]; that is, the
algebra of differential operators of arbitrary order whose coefficients are matrices.

It is well known [32] that dimH2(glC((z))(V )⊗C C[[∂z]], C) = 1 or, in other words, that it has essentially a unique central
extension (the simplest case dates back to 1989 [33]). Bearing in mind the explicit expressions for such 2-cocycles in the
literature [34,27], we can describe such an extension explicitly for the case of glC((z))(V )⊗C C[[∂z]]:

Ψ (A(z)∂ r
z , B(z)∂

s
z) :=

r!s!
(r + s+ 1)!

Resz=0 Tr

∂ s+1
z A(z) · ∂ r

z B(z)

dz.

It is remarkable that restriction of this cocycle to the Lie subalgebra of differential operators of order≤ 1 coincides with the
expression computed in Proposition 4.3 for β = 0.

We now focus on the case of dimC((z))V = 1, that is, V = C((z)). The Lie algebra corresponding to the above cocycle
is called the W1+∞-algebra and its representation theory in terms of vertex operator algebras has been studied in depth
[13,15,35]. To shed some light on this, note that the action on the Fock spaceSGl1C((z))(C((z))) ↩→ Gl


H0(Gr(C((z))),Det∗)


induces a map between their Lie algebras that extends to

W1+∞ −→ End

H0(Gr(C((z))),Det∗)


.

In this case, the vector space parametrizing central extensions of the Lie algebra sglC((z))(C((z)))was explicitly computed
and applied to compute some cohomology groups of moduli spaces [7]. The authors showed that this space is three-
dimensional and is generated by the following 2-cocycles:

α1(f1∂z + g1, f2∂z + g2) = Resz=0 f1∂3
z f2dz

α2(f1∂z + g1, f2∂z + g2) = Resz=0(f1∂2
z g2 − f2∂2

z g1)dz
α3(f1∂z + g1, f2∂z + g2) = Resz=0 g1∂zg2dz.

The Lie algebra sglC((z))(C((z))) has also been presented as the algebra of asymptotic symmetries of warped black-hole
geometries [36, Eq. (16)].

Unfortunately, when V is of arbitrary dimension, the whole group is not known. However, Theorem 4.4 shows that

virn,β ∈ ⟨virn,1, virn,0, p∗n(vir)⟩ ⊆ H2sglC((z))(V ), C


and provides the coefficients of the linear combination. Further research will be carried out show that H2sglC((z))(V ), C


∼
→C3 and to generalize (to higher rank case) some of the cohomological results of Arbarello et al. [7].
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Finally, interested readers are referred to thework of Schlichenmaier [37] for a cohomological study of central extensions
of Krichever–Novikov algebras, which in a certain sense generalize the case of sglC((z))(V ).

5. A relation in the Picard group of moduli of vector bundles for a family of curves

In this section we show that Eq. (4.9) is of geometric nature. We show that certain line bundles on the moduli space of
vector bundles over a family of curves (without formal trivialization data) satisfy a similar relation and, more relevantly,
that the infinitesimal behavior of the latter is exactly Eq. (4.9).

Let Mg denote the moduli space of genus g smooth projective curves over the field of complex numbers. Let M0
g denote

the open subscheme in which a universal family exists (note that for g > 3 it coincides with the moduli of curves without
non-trivial automorphisms).

Let pC : C →M0
g be the universal curve and let UC(n, d)→M0

g be the moduli space of rank-n and degree-d semistable
vector bundles over C [38, Theorem 1.21], [39, Application 2],[40, Section 2], [41, Theorem 5.3.2]. It is well known that in
general the existence of a universal vector bundle on C×M0

g
UC(n, d) may fail [42]. We are thus forced to consider the

relative situation.
Let S be a scheme and let E be a relatively semistable vector bundle onC×M0

g
S. Recall that E yields amap S → UC(n, d).

Let πC, π be the projections of C×M0
g
S onto the first and second factors, respectively, and let p be the composition

S → UC(n, d)→M0
g .

Theorem 5.1. For any integer β , consider the line bundle on S defined as follows

Lβ := Det R•π∗(E ⊗ π∗Cω⊗β),

where ω is the dualizing sheaf of C →M0
g .

Thus, there is an isomorphism of line bundles over S:

Lβ
∼
→ L

⊗β

1 ⊗L
⊗(1−β)

0 ⊗ p∗λ⊗6nβ(β−1)
1 , (5.1)

where λ1 is the Hodge bundle on M0
g ; that is, Det R

•(pC)∗ω.

Proof. Let K be an effective divisor associated with ω and consider the following diagram:

C ×M0
g
S

πC

||xx
xx

xx
xx

x
π

""EE
EE

EE
EE

E

K � � i //

pK
((QQQQQQQQQQQQQQQQ C

pC

""FFFFFFFFF S
p

||yyyyyyyyy

M0
g

where pK is a finite and flat morphism of degree 2g − 2. Observe that since pK is finite there exists a line bundle N on M0
g

such that i∗ω = p∗KN = i∗p∗CN , and therefore i∗ω⊗β
= i∗p∗CN

⊗β . Observe that

i∗i∗ω⊗(β+1) ∼
→ i∗(i∗p∗CN

β
⊗ i∗ω)

∼
→ i∗i∗(p∗CN

β
⊗ ω)

gives rise to an isomorphism between the cokernels of the following two exact sequences of bundles on C:

0→ ω⊗β
→ ω⊗(β+1)

→ i∗i∗ω⊗(β+1)
→ 0

0→ p∗CN
β
→ p∗CN

β
⊗ ω→ i∗i∗(p∗CN

β
⊗ ω)→ 0.

Taking the pullback by πC , tensoring by E and considering the determinant in these exact sequences, we obtain the
isomorphism

Lβ+1 ⊗L−1β

∼
→ Det R•π∗(E ⊗ π∗Cω ⊗ π∗Cp

∗

CN
⊗β)⊗ Det R•π∗(E ⊗ π∗Cp

∗

CN
⊗β)−1.

Bearing in mind that π∗Cp
∗
CN ≃ π∗p∗N and the properties of the determinant functor, the right-hand side is isomorphic to

Det R•π∗(E ⊗ π∗Cω)⊗ p∗CN
⊗β·χ(E⊗π∗Cω)

⊗ Det R•π∗(E)−1 ⊗ (p∗CN
⊗β·χ(E))−1

∼
→

∼
→ L1 ⊗L−10 ⊗ p∗CN

⊗βn(2g−2),
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where χ(M) is the Euler–Poincaré characteristic of the restriction of the sheaf M to the fibers of C×M0
g
S → S. Summing

up, we have proved that

Lβ+1 ⊗L−1β

∼
→ L1 ⊗L−10 ⊗ p∗CN

⊗βn(2g−2). (5.2)

Similar to the above, but replacing E by the trivial bundle, we obtain the following isomorphism:

p∗λβ+1 ⊗ p∗λ−1β

∼
→ p∗λ1 ⊗ p∗λ−10 ⊗ p∗CN

⊗βn(2g−2),

where λβ := Det R•(pC)∗ω
⊗β . Mumford’s formula, which asserts that λβ ≃ λ

⊗(6β2
−6β+1)

1 [43], applied to the above formula
yields the identity

p∗N⊗β(2g−2) ∼
→ p∗λ⊗12β1 .

Substituting this into (5.2) yields

Lβ+1
∼
→ Lβ ⊗L1 ⊗L−10 ⊗ p∗λ⊗12nβ1 .

Proceeding recursively, we obtain the result

Lβ+1
∼
→ L

⊗β

1 ⊗ (L
⊗β

0 )−1 ⊗L0 ⊗ p∗λ
⊗

β
i=1

12n(i−1)

1
∼
→ L

⊗β

1 ⊗L
⊗(1−β)

0 ⊗ p∗λ⊗6nβ(β−1)
1 . �

Remark 5.2. Schork proved that both sides of the isomorphism (5.1) have the sameChern class and offered an interpretation
in terms of the bc-system of rank n [9].

The remainder of this section is devoted to showing that (4.9) and (5.1) are actually the same. To this end, we follow
Muñoz Porras and Plaza Martín [8] for the case of the Mumford formula.

Let U∞g (n, d)ss denote the subscheme of U∞g (n, d) consisting of those points for which the vector bundle is semistable.
Note that there is a natural forgetful morphism

U∞g (n, d)ss −→ UC(n, d)

that is a homomorphism of M0
g -schemes. If no confusion arises, we use a dashed arrow U∞g (n, d) //___ UC(n, d) to

denote the forgetful morphism defined only on the subscheme U∞g (n, d)ss.
Continuing with the above notations, recall that S is a scheme and E is a relative semistable vector bundle on C×M0

g
S

that yields a map S → UC(n, d). Assume that a lift of S → UC(n, d) to U∞g (n, d)ss is given; in other words, we have a
five-tuple of the type (C×M0

g
S, x, z, E, φ) or, equivalently, a commutative diagram

U∞g (n, d)

���
�
�

S

;;xxxxxxxxx // UC(n, d).

Assume that a C-valued point of S is given and let U ∈ U∞g (n, d) be the rational point of Gr(V ) associated with it through
the Krichever map. Using the results of Section 3, we have the following diagram

SGlC((z))(V ) ≃ SGlC((z))(V )× {U}
µU //

µ̄U

���
�
�

U∞g (n, d)

���
�
�

##GG
GG

GG
GG

G

S

55kkkkkkkkkkkkkkkkkk
p̄

// UC(n, d) // M0
g .

We assume that the orbit of U under the action of SGlC((z))(V ) falls inside S. Thus, µU factors through S and we obtain µ̄U
(see the dashed arrow).

We now have the following result, which sheds light on the infinitesimal behavior of (5.1) at point U .

Theorem 5.3. The pullback of (5.1)

Lβ
∼
→ L

⊗β

1 ⊗L
⊗(1−β)

0 ⊗ p∗λ⊗6nβ(β−1)
1
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by µ̄U is precisely (4.9):

Ln,β ≃ L⊗β

n,1 ⊗ L⊗(1−β)

n,0 ⊗ p∗Λ⊗6nβ(β−1)
1 .

Proof. With the above assumptions and notations, it suffices to prove that

µ̄∗ULβ ≃ Ln,β

µ̄∗Up
∗λβ ≃ Λβ .

Recall from Section 4 the definition of the sheaves Ln,β and Λn. Let Krn,β denote the modification of the Krichever map
that sends (X, x, z, E, φ) to H0(X − {x}, E ⊗ ω

⊗β

X ). Thus, from the commutative diagram

SGlC((z))(V ) ≃ SGlC((z))(V )× {U}
µU //

µ̄U

��

U∞g (n, d) � � Krn,β //

���
�
�

Gr(V )

S

55jjjjjjjjjjjjjjjjjjj
p̄

// UC(n, d)

and the base-change property of the determinant, it is straightforward to see that

Ln,β ≃ µ∗U Kr∗n,β Det ≃ µ̄∗ULβ .

The second isomorphism follows analogously, which completes the proof. �

Remark 5.4. In cases in which a universal or Poincaré bundle exists on C×M0
g
UC(n, d) [42], we could repeat the above

construction for S = UC(n, d) and E the universal object. Accordingly, Theorem 5.1 is indeed an identity that holds on the
Picard group of UC(n, d) (see [44] for some facts on generators of this group).
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