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Schottky problem:
e Give conditions that a theta function of a principally

polarized abelian variety (p.p.a.v.) should satisfy in
order to be a jacobian theta function of a Riemann
surface.

Theorem. (Shiota)

Let X be a irreducible p.p.a.v. of dimension g. Then,
the following conditions are equivalent

1.

2.

X is isomorphic to the Jacobian variety of a com-
plete smooth curve of genus g.

there exists a1, as,a3 € CY9 and a quadratic form Q(t)
such that for any £ € CY9 the function

7(t) = exp(Q(t))0(tia1 + toan + tzaz + &)
solves the KP equation.

there exists a g x oo-matrix A of rank g and a
quadratic form Q(t) such that for any £ € CY9 the
function

7(t) = exp(Q(t))0(At +-¢€)

is a T-function for the KP hierarchy.



Schottky problem for R.S. with automorphisms:

e Give conditions that a theta function of a p.p.a.v.
should satisfy in order to be a jacobian theta func-
tion of a Riemann surface with a non-trivial auto-
morphism.

T heorem.

Let X be an irreducible p.p.a.v. of dimension g. Then
the following conditions are equivalent.

1. There exists a projective irreducible smooth genus
g curve C' with a non-trivial automorphism oc . C —
C such that X is isomorphic as a p.p.a.v. to the
Jacobian of C.

2. There exist a prime number p, p matrices AV ... A®)
(AU being a g x co-matrix of rank g) and p sym-
metric quadratic forms QM ... . QW) such that
a) for a & € C9, the corresponding BA-functions

satisfy the (1,.7.,1)-KP hierarchy

p

Res Zz 1([720(2 t)¢v(j)(z s)| dz =10
j=1

b) there exist &1 € CI9 (depending on &) such that

p

Res Z S0 p U (2, 0 WYL P (2,5) | dz = 0O

where o*(t) := (@ (1) ) -1,
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1. PRELIMINARIES
V= C((z1)) x -+ x C((2))

z = (21,.-.,2p)
VT = C[[z1]] x - - x C[[z)]]
VT = 2{1Cle7 ] x - X zp_lC[zp_l]
o(zi) = zit1 o(zp) = 21

Consider the formal group scheme (R a C-algebra)
Mv(R) := conn. comp. of 1 in (VRcR)*
Then, My =y, x ;7 where
TH(R) - = (VT®cR)*
ry(R) = (1+V7)®cR)"
The Abel morphism
Cy = Cl[z]] x --- x Cllz]] 2> Ty,

IS the corresponding to the r-tuple

("2

Then, (I, ¢v) is the Albanese variety of Cy.



The infinite Grassmannian scheme

U C V such that U — V/V™ has
finite dimensional ker and coker

Gr(V) = {

endowed with the determinant bundle
Dety = Det(£ — V/VT)
and a canonical section

Q. € H(Gr%(V), Det}) .

The group Ny acts on Gr(V) preserving Dety .

The m-function of U € Gr(V) is

The u-th Baker-Akhiezer function of a point U € Gr(V)
is the V-valued function v, (z.,t)

(1) z SO z
eXD(—Zti )TUul(t‘F[ 1]),...,exp(—ztz ) v, (¢ + [2])

2T @ 2T



Consider the following pairing

VxV — C
(a,b) — Res,—g Tr(a,b) dz .
Define the adjoint Baker-Akhiezer function

iy t) = gy gz, —t)

Then, one obtains that the the BA functions
satisfy the (1,.7.,1)-KP-hierarchy

beu U(Z,t) :U(Z,S)
’ . ’ dz = 0
(1,...,24,...,1) (1,...,20,...,1)

for all u,v € {1,...,p}. Equivalently, in terms
of p.d.e.'s for the r-function.

Res,—o Tr (

> ) pa(—tY)ps,(8iw) o, (8)

j=1 51+/32—051—a2
- 5ju+5jv_l

+ Pa, (89)pg, (=850 10, (s) = 0O



2. Geometric interpretation
Fix data (C,Z,tz) where
C' a proper smooth irreducible curve
x = {x1,...,x,} pairwise distinct smooth points
tz = {tz,,...,ts,} iSOMOrphisms t,, : @C,xj = Cl[2]]
Given L € J,_1(C), there is a canonical commutative
diagram:
Cy———~C
o Lcm
ry—=Jg-1(C)
and a canonical diagram

AN

I_VLJ;il(C, 5)<£Gr(\/)

iw

Jg-1(C)

where J2°, (C,x) parametrizes pairs (L, ¢) (with ¢ : Lz >
OC@) and Kr is the Krichever morphism

Kr(L,¢) = (tzo¢)(H°(C —Z,L)) C V
It holds

Kr*Detl, ~ 70, (©)

and therefore, a relation between the 7-function and the
theta function of J,_1(C).



{a1,...,a4,081,...,04} symplectic basis for H1(C,Z)
{wi,...,wg} holomorphic 1-forms with [ w; = d;

2 the period matrix; that is, Q;; = [, w;
0(z) = ) ez, €XP (27T7jmt z + Withm)
AW HO(C,Q¢) — C[[z;]]dz; maps wi to (3, a$?)dz;

For j € {1,...,r} and n > O, let nm be the unique
meromorphic 1-form such that

/ (3)—7; QZQU)J at x =z, .

Define the r-function as

7(§,1) 1= exp(Q(¢)) O(A(t) +€)

where
t = (t(l) t(r)) and t(]) — (t(‘]) t(]) N )
Q) = Z a4+ Y D

n,m>1 n,m>1

A(t) = AWM 4 4 A0

From the 7-function, BA functions are introduced and
they satisfy the (1,.7.,1)-KP-hierarchy

beu U(Z,t) :U(Z,S)
’ . ’ dz = 0
(1,...,24,...,1) (1,...,24,...,1)
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3. Finite dimensional orbits

Consider the functor whose rational points are

{(C,o¢c, 7, tz, L, pz) } / equiv
where
(C,z,tz) as above,
oc an order p automorphism of C, oc(x;) = Tj41,
(L, $z) a line bundle with a triv. along x

Theorem. Via the Krichever map

(C,00,%,tz, L, ¢z) — (tz0¢z)HO(C —Z,L) C V

the previous functor is representable by a sub-
scheme Pic®°(p) of Gr(V).

[y acts on Gr(V)P := Gr(V) x .. x Gr(V)
uP: Ty x Gr(V)P — Gr(V)P
(97 (Ula MR Up)) = (gUla c e 7gUp) .



One has a ['y-equivariant closed immersion
Gr(V) — Gr(V)?
U — Uy = (U, o(U),...,cP~ 1))

v (Us) is the orbit of Uy € Gr(V)P under IMy,.

FV(UU)/I:‘*/' is a formal scheme.

Theorem. Let U be a closed point of Gr(V).
Then the following conditions are equivalent.

1. dimg Ty, (My (Us) /T < oo,

2. there exists (C,o¢c, Z,tz, L, ¢pz) € Pic®™(p) such
that its image by the Krichever morphism
is U.

Proof. It holds

Ty, (Tv(Us)/TF) ~ Ty /(kerduf, +TaF)
where dug; - T1Ty — Ty, Gr(V)P.

ker duf;, = nI_go' Ay

Ay i={g€ely|g-UCU}



4. Main Theorem

Let Xq := C9/(Z9+Q7Z9) an irreducible p.p.a.v. And let
0(z) = 0(z,92) denote its Riemann theta function.

Let r be a natural number. Let AU) be a g x co-matrix
of rank g for each j € {1,...,7}. Let QU) be a quadratic
form for each j € {1,...,r}. Let £ be in CY.

Given (X, Q,{AMW A 1MW . QM1 &), its r-function,
7(§,t), and BA-functions, ,¢(2t), are given formally
(analogously as in the Jacobian case).

Theorem. Then the following conditions are equiva-
lent.

1. There exists(C,z,tz) s.t. Xq ~ J(O).

2. There exist a AY) and QU s.t. v(&,t) is a T-function
of the (1,.7.,1)—KP-hierarchy for all £ € C9,

1) = 2) It follows from the section 4.

2) = 1) We denote

A(t) = ZA(j)t(j) and  Q(t) = Z Z q(J) €) (J)

=1 j=14k>1
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Since 7(&,t) is a 7-function of the (1,.7.,1)—KP-hierarchy,
it defines a point Ug € Gr(V) s.t. 7(&,t) = 1. (t). There-
fore, we have obtained a morphism

0: CI — Gr(V)
§ — Ue .

Since © is a principal polarization on X, one gets an
injection
X — Gr(V) . (1)

The surjective map

Tyl = C®x .7, xC® -2 CY = TeX

yields
_ A s
r, — Xe¢.

The properties of 7-functions imply that there is a fac-
torization

My = ':gUs)/'=Jvr

/&\

~ 7

X¢

It follows that dim Ty, (U:) /T is finite.

By Mulase, 3 (C¢, x¢, te, L, ¢¢) associated to Ug under
the Krichever map. Furthermore, (C¢, x¢,t¢) does not
depend on &.



Then, the fact that rank AW = ¢ says that the image of
X—Pic(CO)
6/}—>L§/

is Pic®(C) - L.

So Pic®(C) is a quotient of an abelian variety = C is
a smooth complete curve of genus at most g.

To finish the implication 2) = 1), all that is left to show
that X — Pic®(Q) is an isomorphism of p.p.a.v.’s, which
we now do.

Let x = 7(&,t) be the r-function of X, .. ..
Let 75 = 7(£,t) be the r-function of J(CO),....

From the construction 7x = 75 and hence

0x(A(t) + &) = exp(q(t)) 0,(A,(t) + &)
where ¢(t) is a quadratic function.

Therefore
Ox = 0Oy
In particular, the curve C' is irreducible and of genus g.



5. Szego Kernel
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