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Objectives of the talk:

e Generalize Fay's addition formula for theta
functions of Jacobians for theta functions
of moduli spaces of vector bundles.

e Show that theta functions of moduli spaces
of vector bundles give rise to tau functions
of the multicomponent KP hierarchy (sim-
ilarly to the jacobian case).

These results are to be found in:

e Algebraic Solutions of the Multicomponent
KP Hierarchy, To appear in Journal of Geom.
and Phys. (math. AG/990769).

e Addition Formulae for Non-abelian Theta
Functions, joint work with E. Goimez Gonzalez,
math.AG/0008005.



Plan of the talk:

1. Quick overview of the jacobian case.

2. Addition formula for non-abelian thetas.

3. Infinite grassmannians: tau and Baker func-
tions.

4. Multicomponent KP hierarchy.

5. Relation between non-abelian thetas and
the multicomponent KP hierarchy.



Notation:

e (' will be a complete smooth irreducible
curve over the complex numbers.

e g will denote the genus of C.
e J,; will be the jacobian of degree d.

e ©, 1:={L € J,_1|hO(L) # 0} is the canon-
ical polarization: the theta divisor.

e 0 is the theta function: the unique section
of OJg_l(—@).

e E(-,-) will be the prime form (it’'s the unique
section of Ocyc(A)).

e for a bundle L and a divisor D, we define
L(D):=L®0Oan(D).



§1.1. Fay’s addition formula

LeJ, 1-©

D € DivIt"=1() such that KO(L(D)) = m
{s1,...,sm} a basis of HO(L(D))

Then, for B =3""b; generic, it holds that:

0(L(D+ B — fj ;)
1=1
and:
HE(bz,xj) 31(.:61) S]_(»icm}
HE(aijxj) sm(ajl) Sm(wm)

have the same divisor as holomorphic functions

Important consequences are:

e the trisecant identity,

e O gives solutions to the KP equation.

(Both facts are related to the Schottky prob-
lem).



§1.2: KP hierarchy

U € GrPC((2)) such that z™U N C[[z]] has a

basis f1,..., fm.
Its tau function satisfies (m >> 0):

fl(.a?l) fl(.a?m)
fm(.wl) fm(.xm)

This implies that such functions are tau func-
tions for the KP hierarchy.

(T, ..y Tm) = H(aji_mﬁ—l.

§1.3: Relation

Is this a mere coincidence? NO. The former
formula is just an instance of the latter.
Fix C and p € C'. Consider the morphisms:

{(L, )} 5~ Gro C((2))
Jy—1
then:
7* Det = K*OJ(@)




§2: Addition formula for non-abelian thetas
§2.1. Non-abelian theta functions

U(r,d) will denote the moduli space of semistable
vector bundles of rank r and degree d.
On U(r,7(g — 1)) there is a polarization:

©, := {M such that h°(M) # 0}
Since h°(O(-©,)) =1, let 6, be a generator.

For arbitrary d, choose a v.b. F such that:
QF :U(r,d) — U(T,T(g—1))
and define a polarization ©r := (®F)1(©;).

Av.b. M on (CxS has an associated morphism:

a8 —U(r,r(g—1))
Then:
$3O(Or) =~ Det(R*pg . M)*

since for any divisor D of degree big enough:

0— pS,*M — pS,*M(D) 7
— pg+(M ® Op(D)) — R'pg .M — 0
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§2.2: Isomorphism of bundles

Given M on C' x S as before, consider the " ad-
dition morphism” :

an:C?" xS — U(r,r(g — 1))
((xlayl)a SRR (an,yn)) = M(sz — Zyz)

It is the morhpism associated to the v.b.
M (> odd Doi — 2i even Do;) on C x (Czn X S).

Theorem. There is an isomorphism of line
bundles on C?™ x S:

,0(0) ~¢3,0(0)00( Y. Ay— Y ApTe

i+j=odd 1+j=even
®( ® mAM @pwd)®( ® =i AM)
i odd i even

(sums involve only i,7 with 1 < j) where:
e A;; is the subscheme of C?™ where the i-th
and the j-th components coincide,
e p; (resp. m;) is the projection from C?™ x S
onto the i-th copy C; of C, (resp. to C; x S),
e ANM denotes the exterior algebra of highest
degree of a locally free module M, and
e wr Is the canonical sheaf of C.



§2.3: Addition formula
MeU(r,d) — S

D € DivItr=1(C) such that RO(M @ F(D)) =

m-Tr

{s; = (s},...,sT)|i = 1,...,m -7} a basis of
HO(M ® F(D))

Then, for B =3 ""b; generic, it holds that:

QF(M(D + B — Z;n:l xz)) _ )\HE(biyinYi
O (M) [TE(xs )"

as holomorphic functions of (x1,...,xm) € C™,
where X is a non-zero constant (depending only
on C) and S is the following matrix:

(3%(3}1) 37_1’(:131) s%(azm) s’I(azm))

st (z1) ... s (x1) ... st (zm) ... s (am)
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52.4. Applications to cyclic coverings

Using the addition formula, Fay studied the
theta function of a Prym variety. Some of
them can be generalized.

Example. Let~:C — C a non-ramified cyclic
covering of degree n. Let M be a semistable
v.b. on C such that v«M is semistable.

Then for (x1,Yy1,---,%Zm,Ym) € Cc2m:

1 dL -
91?(7*1\7)9]?((% )(.Z: T; — Z: yz’)) =
= A\ (N L 4. (M@v*O(Z T; — i yﬁ))
0 ( ) 1=1 1=1

where X is a non-zero constant and F' = (v«Op)*.



§3: Infinite grassmannians: tau and Baker
§3.1: Infinite grassmannians

n>1, V=C((2)%" and vVt = C[[2]]®".

The infinite grassmannian of V, Gr(V), is a
scheme whose set of rational points is:

L C V such that the complex L — V/V"'
has finite dimensional kernel and cokernel

Further, if £ denotes the universal submodule,
the complex:

L2 VIV e

IS perfect. So, it defines the determinant line
bundle Det on Gr(V).

Moreover,
det(8) € HO(Gr(V), Det*)

Observe that det(8); = 0 iff LNV % (0).
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§3.2: tau functions

Call Spf C[[¢]] the “formal curve”, and define:

C := Spf C[[t1]] x - -+ x Spf C[[tn]]
Then I := mSN@ is the following group:

Ti

(91(2), .-, 9a(2)) where gi(z) =1+ =
N(R) = i>0 ~
with r; € Rad R and almost all vanish

Componentwise multiplication gives an action:

I x Gr(V) LN Gr(V)

Definition. The tau function of U € GrO(V)
IS:

Ty 1= pdet(6)|rwqn
Theorem. (Addition formula for tau) The
pullback of det(8) by: [INV C x {U} — Gr(V) is:
1 fiti) o fiGNv) o () oo fa(tan)

H;’L:lAj f{w(tll) f{w(tNl) féw(tln) f%(th)

where M := N -n, {f' = (fi, ..., fD} 1<i<n IS
a basis of VT NzNU, and A; 1= [T« (tij — ;).
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§3.3: Baker-Akhiezer functions

Since [ is a group, consider the “subtraction”
morphism:

o . CA' X[ — T
Definition. The Baker-Akhiezer function of
a point U € GrO(V) is defined by:
t;

Yy(z,t) = exp(_ S _)‘7*7'U(t)

>0 Zi TU(t)

Theorem. There exist polynomials p;(t) such
that for every U € GrO(V) with UNVT = (0):

Yu(z,t) = 275 3 pi®) (1), f1(2)

1>0
where {f* = (f%,..., ft)}i>o0 is a basis of U.

Theorem. (Bilinear Identiy) Define the ad-
joint Baker-Akhiezer function: *(z,t) := 1 (z, —t)
It holds:

ReS,—o0 Yy (2, 1) - <w;}(z,t’)>sz =0

12



84. Multicomponent KP Hierarchy
34.1: Pseudodifferential Operators (pdo)

A pdo is a formal expression of the type:
S a0 nez (1)
—oo<1<n

which is said to be of order n if ay # 0.

For the case of the r-component KP hierarchy,
one consider that the coefficients M, «,(C)-
valued functions and 0 is a derivation.

The composition is defined by the “Leibnitz
rule” :

(o) (S48 = £ 5 (o

i, k>0

For P as in (1) define:

P = Z ai(?i and Py = Z az-(‘?i
—00<1<0 0<:<n



34.2: The hierarchy
Consider pdo:

L =04L1(s)0 4+ L)% +...
c® = g, +cP(s)o" 1 + D (s)o72. ..

with coefficients in M, x,(C)®C[[{si;}i>0,1<j<rl]-
Let &L] be % and 0 := 231]
iJ

The r-component KP hierarchy is the system:
Lw =7z w
C(j)wzw-Ej 1<57<r,i>0
c%jw — (LiC(j))+w

for a formal function of the type:

w(z,s) = (Id + Z wl(s)zl)ef(&»?)
[<0

If this is the case, w is called wave function.
Theorem. There is a 1 — 1 correspondence
between the set of solutions for the r-component
KP hierarchy and the set of rational points
U € GrO(C((2))™) such that UNCJ[z]]"° = (0).
Remark. The correspondence maps U to its
Baker-Ahkiezer function ;.
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§5: Relation between tau and thetas: the
Krichever map

Consider U(r,d) where (r,d) = 1 and a polar-
ization © with rank F' = r.

V i= Mp«r(C) ® (50,19)(0)

V+ = Myxr(C) ® 5C,p

(M, 3) where M € U(r,d)

U(r,d) = { and g: (Mg F)) S vt

} S U(r, d)

The Krichever map:

K :U(r,d) — Gro(v)
(M, 3) — HOY(C —p, M ® F)
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T heorem.

K*Det S 7*0(Or)
Proof. For a point U = H9(C —p, M ® F) the
exact sequence:
o-Unvtou2vivt v/ u+vt) So
coincides with:
0 —-HYC, M®F)— HY(C —-p, M®F) —
— (X/O0¢p) ® Myxr(C) — HY(C,M @ F) — 0

Theorem. Fix C, pe C and (M,3) € U(r,d).
Then, there is a canonical morphismI” — U(r, d)
and it holds that:

Orlr = 0
where U = HO(C —p, M ® F).
Proof. O¢ — O¢,, induces C — C™. Then:

f Ci’” (x1,...,2Tn)
r—U(r,d) M (x; —p))
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This means that:

e Non-abelian thetas give rise to solutions
of the multicomponent KP hierarchy (§5);
and,

e the addition formula for non-abelian theta
functions (§2) is an instance of the addition
formula for tau functions of points of the
infinite grassmannian.
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