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Objectives of the talk:

• Generalize Fay’s addition formula for theta
functions of Jacobians for theta functions
of moduli spaces of vector bundles.

• Show that theta functions of moduli spaces
of vector bundles give rise to tau functions
of the multicomponent KP hierarchy (sim-
ilarly to the jacobian case).

These results are to be found in:

• Algebraic Solutions of the Multicomponent
KP Hierarchy, To appear in Journal of Geom.
and Phys. (math. AG/990769).

• Addition Formulae for Non-abelian Theta
Functions, joint work with E. Gómez González,
math.AG/0008005.
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Plan of the talk:

1. Quick overview of the jacobian case.

2. Addition formula for non-abelian thetas.

3. Infinite grassmannians: tau and Baker func-

tions.

4. Multicomponent KP hierarchy.

5. Relation between non-abelian thetas and

the multicomponent KP hierarchy.
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Notation:

• C will be a complete smooth irreducible
curve over the complex numbers.

• g will denote the genus of C.

• Jd will be the jacobian of degree d.

• Θg−1 := {L ∈ Jg−1 |h0(L) 6= 0} is the canon-
ical polarization: the theta divisor.

• θ is the theta function: the unique section
of OJg−1

(−Θ).

• E(·, ·) will be the prime form (it’s the unique
section of OC×C(∆)).

• for a bundle L and a divisor D, we define
L(D) := L⊗OC(D).
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§1.1: Fay’s addition formula

L ∈ Jg−1 −Θ

D ∈ Divg+n−1(C) such that h0(L(D)) = m

{s1, . . . , sm} a basis of H0(L(D))

Then, for B =
∑m−n

i=1 bi generic, it holds that:

θ(L(D + B −
m∑

i=1

xi))

and:

∏
E(bi, xj)∏
E(xi, xj)

∣∣∣∣∣∣∣

s1(x1) . . . s1(xm)
... ...

sm(x1) . . . sm(xm)

∣∣∣∣∣∣∣
have the same divisor as holomorphic functions
of (x1, . . . , xm) ∈ Cm.

Important consequences are:
• the trisecant identity,
• θ gives solutions to the KP equation.
(Both facts are related to the Schottky prob-
lem).
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§1.2: KP hierarchy

U ∈ Gr0 C((z)) such that zmU ∩ C[[z]] has a
basis f1, . . . , fm.
Its tau function satisfies (m >> 0):

τU(x1, . . . , xm) =
∏

(xi−xj)
−1·

∣∣∣∣∣∣∣

f1(x1) . . . f1(xm)
... ...

fm(x1) . . . fm(xm)

∣∣∣∣∣∣∣
This implies that such functions are tau func-
tions for the KP hierarchy.

§1.3: Relation

Is this a mere coincidence? NO. The former
formula is just an instance of the latter.
Fix C and p ∈ C. Consider the morphisms:

{(L, α)} Â Ä K //

π ²²²²

Gr0 C((z))

Jg−1

then:

π∗Det = K∗OJ(Θ)
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§2: Addition formula for non-abelian thetas
§2.1: Non-abelian theta functions

U(r, d) will denote the moduli space of semistable
vector bundles of rank r and degree d.

On U(r, r(g − 1)) there is a polarization:

Θr := {M such that h0(M) 6= 0}
Since h0(O(−Θr)) = 1, let θr be a generator.

For arbitrary d, choose a v.b. F such that:

⊗F : U(r, d) ↪→ U(r̄, r̄(g − 1))

and define a polarization ΘF := (⊗F )−1(Θr̄).

A v.b. M on C×S has an associated morphism:

φM : S → U(r, r(g − 1))

Then:
φ∗MO(Θr) ' Det(R•pS,∗M)∗

since for any divisor D of degree big enough:

0 → pS,∗M → pS,∗M(D)
ρ→

→ pS,∗(M ⊗OD(D)) → R1pS,∗M → 0
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§2.2: Isomorphism of bundles

Given M on C×S as before, consider the ”ad-
dition morphism”:

αn : C2n × S −→ U(r, r(g − 1))

((x1, y1), . . . , (xn, yn)) 7−→ M(
∑

xi −
∑

yi)

It is the morhpism associated to the v.b.
M(

∑
i odd ∆0i −

∑
i even ∆0i) on C × (C2n × S).

Theorem. There is an isomorphism of line
bundles on C2n × S:

α∗nO(Θr) 'φ∗MO(Θr)⊗O(
∑

i+j=odd

∆ij −
∑

i+j=even

∆ij)
⊗r⊗

⊗ ( ⊗
i odd

π∗i ∧M∗ ⊗ p∗i ω
⊗r
C

)⊗ ( ⊗
i even

π∗i ∧M
)

(sums involve only i, j with i < j) where:
• ∆ij is the subscheme of C2n where the i-th
and the j-th components coincide,
• pi (resp. πi) is the projection from C2n × S

onto the i-th copy Ci of C, (resp. to Ci × S),
• ∧M denotes the exterior algebra of highest
degree of a locally free module M , and
• ωC is the canonical sheaf of C.
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§2.3: Addition formula

M ∈ U(r, d)−ΘF

D ∈ Divg+n−1(C) such that h0(M ⊗ F (D)) =

m · r̄

{si = (s1i , . . . , sr̄
i ) | i = 1, . . . , m · r̄} a basis of

H0(M ⊗ F (D))

Then, for B =
∑m−n

i=1 bi generic, it holds that:

θF (M(D + B −∑m
i=1 xi))

θF (M)
= λ

∏
E(bi, xj)

r̄

∏
E(xi, xj)r̄

· |S|

as holomorphic functions of (x1, . . . , xm) ∈ Cm,
where λ is a non-zero constant (depending only
on C) and S is the following matrix:




s1
1(x1) . . . sr̄

1(x1) . . . s1
1(xm) . . . sr̄

1(xm)
... ...

s1
mr̄(x1) . . . sr̄

mr̄(x1) . . . s1
mr̄(xm) . . . sr̄

mr̄(xm)



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§2.4: Applications to cyclic coverings

Using the addition formula, Fay studied the

theta function of a Prym variety. Some of

them can be generalized.

Example. Let γ : C̃ → C a non-ramified cyclic

covering of degree n. Let M̃ be a semistable

v.b. on C̃ such that γ∗M is semistable.

Then for (x1, y1, . . . , xm, ym) ∈ C2m:

1

θF (γ∗M̃)
θF

(
(γ∗M̃)(

m∑

i=1

xi −
m∑

i=1

yi)
)

=

= λ


 1

θ̃r̃(M̃)
θ̃r̃

(
M̃ ⊗ γ∗O(

m∑

i=1

xi −
m∑

i=1

yi)
)



n

where λ is a non-zero constant and F = (γ∗OC̃)∗.
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§3: Infinite grassmannians: tau and Baker

§3.1: Infinite grassmannians

n ≥ 1, V = C((z))⊕n and V + = C[[z]]⊕n.

The infinite grassmannian of V , Gr(V ), is a

scheme whose set of rational points is:




L ⊂ V such that the complex L → V/V +

has finite dimensional kernel and cokernel





Further, if L denotes the universal submodule,

the complex:

L δ→ (V/V +)Gr(V )

is perfect. So, it defines the determinant line

bundle Det on Gr(V ).

Moreover,

det(δ) ∈ H0(Gr(V ),Det∗)

Observe that det(δ)L = 0 iff L ∩ V + 6= (0).
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§3.2: tau functions

Call Spf C[[t]] the “formal curve”, and define:

Ĉ := Spf C[[t1]]× · · · × Spf C[[tn]]

Then Γ := lim−→SN Ĉ is the following group:

Γ(R) =





(g1(z), . . . , gn(z)) where gi(z) = 1 +
∑

i>0

ri

zi

with ri ∈ RadR and almost all vanish





Componentwise multiplication gives an action:

Γ×Gr(V )
µ−→ Gr(V )

Definition. The tau function of U ∈ Gr0(V )
is:

τU := µ∗ det(δ)|Γ×{U}

Theorem. (Addition formula for tau) The
pullback of det(δ) by:

∏N Ĉ × {U} → Gr(V ) is:

1∏n
j=1 ∆j

∣∣∣∣∣∣

f1
1(t11) . . . f1

1(tN1) . . . f1
n(t1n) . . . f1

n(tNn)
... ...

fM
1 (t11) . . . fM

1 (tN1) . . . fM
n (t1n) . . . fM

n (tNn)

∣∣∣∣∣∣
where M := N · n, {f i = (f i

1, . . . , f i
n)}1≤i≤M is

a basis of V +∩ zNU , and ∆j :=
∏

i<k(tij− tkj).
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§3.3: Baker-Akhiezer functions

Since Γ is a group, consider the “subtraction”
morphism:

σ : Ĉ × Γ −→ Γ

Definition. The Baker-Akhiezer function of
a point U ∈ Gr0(V ) is defined by:

ψU(z, t) := exp
(
−

∑

i>0

ti
zi

)σ∗τU(t)

τU(t)

Theorem. There exist polynomials pi(t) such
that for every U ∈ Gr0(V ) with U ∩ V + = (0):

ψU(z, t) = z−1 ·
∑

i>0

pi(t)(f
i
1(z), . . . , f

i
n(z))

where {f i = (f i
1, . . . , f i

n)}i>0 is a basis of U .

Theorem. (Bilinear Identiy) Define the ad-
joint Baker-Akhiezer function: ψ∗(z, t) := ψU⊥(z,−t).
It holds:

Resz=∞ψU(z, t) ·
(
ψ∗U(z, t′)

)T
dz = 0
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§4: Multicomponent KP Hierarchy

§4.1: Pseudodifferential Operators (pdo)

A pdo is a formal expression of the type:
∑

−∞<i≤n

ai∂
i n ∈ Z (1)

which is said to be of order n if an 6= 0.

For the case of the r-component KP hierarchy,

one consider that the coefficients Mr×r(C)-

valued functions and ∂ is a derivation.

The composition is defined by the “Leibnitz

rule”:
( ∑

i

ai∂
i
)( ∑

j

bj∂
j) :=

∑

i,j

∑

k≥0

(i

j

)
ai(∂

kbj)∂
i+j−k

For P as in (1) define:

P− :=
∑

−∞<i<0

ai∂
i and P+ :=

∑

0≤i≤n

ai∂
i
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§4.2: The hierarchy
Consider pdo:

L = ∂ + L1(s)∂
−1 + L2(s)∂

−2 + . . .

C(i) = Ei + C
(i)
1 (s)∂−1 + C

(i)
2 (s)∂−2 . . .

with coefficients in Mr×r(C)⊗C[[{sij}i>0,1≤j≤r]].
Let ∂ij be ∂

∂sij
and ∂ :=

∑
∂1j.

The r-component KP hierarchy is the system:




Lw = z̄ · w
C(j)w = w · Ej

∂ijw = (LiC(j))+w

1 ≤ j ≤ r , i > 0

for a formal function of the type:

w(z̄, s) = (Id+
∑

l<0

wl(s)z̄
l)eξ(s,z̄)

If this is the case, w is called wave function.

Theorem. There is a 1 − 1 correspondence
between the set of solutions for the r-component
KP hierarchy and the set of rational points
U ∈ Gr0(C((z))r2) such that U ∩C[[z]]r

2
= (0).

Remark. The correspondence maps U to its
Baker-Ahkiezer function ψU .
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§5: Relation between tau and thetas: the

Krichever map

Consider U(r, d) where (r, d) = 1 and a polar-

ization ΘF with rankF = r.

V := Mr×r(C)⊗ (ÔC,p)(0)

V + := Mr×r(C)⊗ ÔC,p

Û(r, d) :=

{
(M, β) where M ∈ U(r, d)

and β : (M ⊗ F )∧p
∼→ V +

}
π−→ U(r, d)

The Krichever map:

K : Û(r, d) ↪→ Gr0(V )

(M, β) 7→ H0(C − p, M ⊗ F )
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Theorem.

K∗Det
∼→ π∗O(ΘF )

Proof. For a point U = H0(C− p, M ⊗F ) the
exact sequence:

0 → U ∩ V + → U
δ→ V/V + → V/(U + V +) → 0

coincides with:

0 →H0(C, M ⊗ F ) → H0(C − p, M ⊗ F ) →
→ (Σ/OC,p)⊗Mr×r(C) → H1(C, M ⊗ F ) → 0

Theorem. Fix C, p ∈ C and (M, β) ∈ Û(r, d).
Then, there is a canonical morphism Γ → U(r, d)
and it holds that:

θF |Γ = τU

where U = H0(C − p, M ⊗ F ).

Proof. OC → ÔC,p induces Ĉ → Cn. Then:

Ĉ //

²²

Cn

αn
²²

(x1, . . . , xn)_

²²

Γ //U(r, d) M(
∑

(xi − p))
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This means that:

• non-abelian thetas give rise to solutions

of the multicomponent KP hierarchy (§5);

and,

• the addition formula for non-abelian theta

functions (§2) is an instance of the addition

formula for tau functions of points of the

infinite grassmannian.
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