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Problem:

Give conditions (on the theta
function) for a curvey” to be a
cover of another curv& with P
prescribed ramification type. ———
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Application:
nGive
conditions that a theta function of a p.p.a.v. should satis

In order to be a jacobian theta function of a Riemann
surface with a non-trivial automorphism.
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Let X be an irreducible p.p.a.v. of dimensign> 1.
Then the following conditions are equivalent.
1. 4C, genusg projective irreducible smooth curve, with an orde

p automorphisnv : C' — C such thatX ~ J(C') as a p.p.a.v.
2. There exisy x oco-matricesA), ... AP of rankg and

symmetric quadratic form@). ... Q@ such that
a) d¢& € C9, the corresponding BA-functions satisfy the

(1,.72.,1)-KP hierarchy
p . .
Res (Z 7 03u=0%v wggo(z, t)w;(gg(z, s)) dz = 0
j=1

b) d¢& € CY9 (depending orgy) such that

p

Res (3 20m 0 g8 (20" (100 (2.5) ) dz = 0

j=1
whereo™(t) := (t@) 1 ¢ 401
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1.

Preliminaries on Grassmannians, formal groups,
functions and BA-functions.

Characterization of covers and bilinear identities.

Geometric meaning dfy,, andr-function in the Ja-
cobian case.

Characterization of Jacobians of curves with auto-
morphisms as finite dimensional orbits.

A solution for the Schottky problem for curves with
automorphisms.

. Open questions.
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Consider theC((z))-algebra
Vo= C((z1)) x -+ x C((2))
wherez = (z1, ..., z,) and subspacds™ = C[[z1]] x - - - x C[[2]]
andV— = 2 'C[z; ] x - - - x 2, 1 Clz, ).
et Iy, be the formal group scheme

connected component a_nz "+ - -Fagtaz+...
of 1in (VRcR)* - wherea_; € Rad(R) andag € R”

FV (R) — {

Then,I'y =I';, x Iy, whereT'{, := {ap + a1z + ... } and
Iy, = fo_;z'+ - 4+a_1z7 1 +1}.
There Is a natural morphism, the Abel map,

Cv :=Spf (C[z]] x - x C[[5,]]) 5 Ty

such tha{T;;, ¢y) is the Albanese variety afy .
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The scheme

- finite dimensional ker and coker

{ U c V such that/ — V/V+ hask
Gr(V) =

On the connected component whiee andCoker have the
same dimension, one has the determinant bundle

Det := Det (U - V/V')

and a global sectiodet(§) € H°(Gr(V), Det®).
Then, the of U € Gr(V) Is a function oy, given by

7u(t1, b2, ... ) == normalization ofdet(5)(()  —)U)
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The function of a pointy € Gr(V) Is the
V-valued functiony,, 7(z, )

(1) » () .
(eXP(Zti' )TUul(t+[ ]),...,exp (—th. ) U“p(t+[p])>

7 T (1)

wherel <u <r, Uy :=(1,...,24,...,2,,...,1)-U and
t+ [20] = (¢t 4 [z],. .., t0).

LetU € Gr°(V). Then:

7vb’lJJ,U(Z-v t) — (17 ey Ruy - ) Z(w(’b D( ) e 7¢£Z’(7})(Z7“))pui,U(t)

>0
where:

W8P ), i @) i>0, 1 <u<r}
IS a basis of/ andp,; ;(¢) are functions ir.
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A function as above Is a BA function of a point of
Gr(V) If and only If it satisfies thét, .?., 1)-KP-hierarchy

Yuy (2 t) by (2, 8) 5
(1,...,24,...,1) (1,...,,2@,.,,71))612 =0

Res._o Ir (

forall u,v € {1,...,p}.

Equivalently, in terms of p.d.e.’s for thefunction

S‘ Y P (—tY9)pg, (9y0)) 7w, ()

 Pa (8, (=050 )0, () = O

Covers of curvesandthe Schottky problem forcurves with automorphisms -



Let us consider dataX, Y, 7, z, 9, t., t;) wWhere:

7m:Y — X IS a cover of curves.
x € X IS a smooth point. _——

W_l(x):g:{yl,...,yp}CY ( :y2>
Y3

L

are pairwise distinct smooth -
points.

- P
te : Ox =~ C[[2]] — =

ty : Oyg =~ Cllz1]] x - x C[[z]]
Consider the Krichever map:
{ geometric data — Gr(V)

(Y7 X7 T, T, ga t:l?at?j) — tﬂ(HO(Y - g? OY))
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A pointU € Gr(V') comes from geometric data (via
the Krichever morphism) if and only if

U-U=U
Tr(U) C U

whereTr : V' — C((z)) Is the trace map of as a finite
C((z))-algebra.

It follows that the image of the Krichever map is a closed
subscheme of the infinite grassmannian.

Further, a poin/ comes from geometric data if and only if

e; g’j)( 7’<Z>Zz1/e§l) t) s (l])*(fzm zl/e(l) t)
Y 9 dZ
(ZZZ VEG ) (TYY YEG )=
=1 j=1 i=1 (g’t(l)zl J )5al5bj_ul,3 =1 j=1 i=1 (g’t(l)zl J )ul,j_1+5cl5dj
(&

has residue equal toin z = 0 (and a similar equation for the
COndltlonU ° U — U). Covers of curvesandthe Schottky problem forcurves with automorphisms —



Proof.

U-U = U implies thatU Is a subalgebra of” and,
therefore 3(Y, 7, t;) such thaty = ¢, (H(Y — 3, Oy)).

One has a commutative diagram

HO(Y — 7, Oy)Ci> W — Hj (C((Z;/egj))) s (C((Z;/el(%) Y
Trgg \LTr
HO(X — %, Ox)C e V = Hj C(())

Tr(U) c U implies thatTr(U) = U N C((z)) and, therefore,
3(X, z,t,) such thatlr(U) = t,(H*(X — z,0x)).

The inclusionlr(U) c U induces the morphism
m:Y — X.
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Consider the set of geometric data

{(Y,ov,7,t5 L, ¢5)} / equiv

where
(Y, y,t;) as above

oy an orderp automorphismgy (y;) = ¥i+1, oy (Yp) = 1,

(L, ¢y) line bundle with a trivialization along
The Krichever map is

(Y,ovy,§,tg, L, ¢5) — (tzody)H' (Y —g,L) C V
'y, acts onGr (V)P := Gr(V) x .P. x Gr(V) by homotheties
(componentwise)
uP: 'y x Gr(V)P — Gr(V)P
(9, (Un,...,Up)) — (gU1,...,gUp)
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ForU ¢ Gr(V) we definel, to be(U,o(U),...,o?~1U)) and
letI'y/ (U,) be its orbit under the action of;, .
The following conditions are equivalent.
1. dimg TUU (Fv(UU)/f\$) < OQ,
2. there exist datédC, o¢, 9, t,, L, ¢,) such that its image by
the Krichever map 1¥/.
Proof. Follows from
If dyy; is the differential of’y, — Gr(V)?, then

Ty, (Tv(Us)/TY) ~ Tilv/(kerdpf, + Ty,

LetAy = {g €V |g-U C U} be the “stabilizer”, then

Covers of curvesandthe Schottky problem forcurves with automorphisms —
17 71 D p—1 7 4



Fix data(Y, g, t;) where
Y a projective irred. smooth irreducible curve

y =A{y1,-..,Yyp} pairwise distinct smooth points
ty = {ty.s ..., ty, } iISOMOrphisms, . : @y,yj — C[[24]]
GivenL € J,_1(Y), there are canonical commutative diagram

O, -y Iy —— J2 (Y, ) Gr(V)
¢V\J/ lch i lﬁ
By J;1(Y) Ly /Ty = = = Jga(Y)

with J2°, (Y, 3) := {(L,¢) S.t. L € J,_1(Y) and¢ : Ly = Oy}
It holds

Kr* Detj, ~ 70, _,(0)
and therefore, one expects a relation between-thumction
and the theta funCt|On Ofg—l(Y)' Covers of curvesandthe Schottky problem forcurves with automorphisms —




{aq,....a4,01,...,0,} sSymplectic basis foH (Y, Z).
{w1,...,wy} holomorphici-forms with [ w; = d;;.

() the period matrix and(z) the theta function.

AU) - HO(Y, wy) — C[[z;]]dz; mapsw; to its germ atz;, and let

At) = AW 4 A)()

wheret = (t\), ... ¢®) andtV) (tg ) D).
Forj e {1,...,p} andn > 0, Ietnn be defined by

/ (9)—2 —QZq(J) ‘7 atr =z .
and consider

Z qnm n t(l LT Z anzﬂr)ztnp)t
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Define ther-function as
T(&,t) = exp(Q(t)) O(A(t) + &)

(€ € C9).

TU(t) — T(é-?t)

BA functions (introduced from the above geometr
data) satisfy theé1, .?., 1)-KP-hierarchy

¢u,g(27t) . Wi,g(za S) ) il
o Zuy s ) (1 2, 1)

Res._o Ir <(17 .
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Let X .= CY9/(7Z9 + Q7Z9) an irreducible p.p.a.v. . L&tbe InCY.
Let Oy be its theta function.
Let AL . AP beg x co-matrices of rank and let

QW ... QP be symmetric quadratic forms.
One introduces the-function by

7(&§:1) = exp(Q(t)) O(A(¢) +§)
and BA-functionsg), ¢(z, ).

The following conditions are equivalent.
1. There existéC, z,tz) S.t. Xq ~ J(C) as p.p.a.v. .

2. There exist ... AP andQW,... QW s.t.7(¢,¢t)is a
r-function of thg'1, .?., 1)—KP-hierarchy for all¢ € C9.

Proof. 1) = 2) It follows from the section 2.
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A

1. Sincer(¢,t) satisfies thel,.?., 1)—KP-hierarchy,
3U: € Gr(V) s.t.7(&,t) = 1y, (t)
p: C9 — Gr(V)

f = Ug .
This map factorizes and gives

2. Als asurjective mafiI'y,, — 7:X and yields
. The properties of imply

_ pe =
Iy > T'(Ug) /T,
7
AN\, 7

-

Xe

hencedim TU§F(U§)/1_“$ IS finite. ThenS(Og, T¢,le, Lg, ¢§)
assoclated to;. Further,
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3. Sincerk AY) = ¢, that the image of
X Pie(C)
fl —— Lé’/

is Pic’(C) - Le. SoPic’(C) is a quotient of an abelian
variety —- and of genus< g.

4. By construction, the-functions ofX and of.J(C)
coincide. Hence

Ox(A(t) + &) = exp(q(t)) 0,(As(E) +€)
(¢(t) Is a quadratic function). Therefofey = ©; and
X 5 Pic’(C) as p.p.a.v.’s. In particular, the curve
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Main Theorem. LetX be an irreducible p.p.a.v. of
dimensiory > 1. Then the following conditions are equivalent
1. 3C, genus projective irreducible smooth curve, with an

order p automorphisny : ¢ — C such thatX ~ J(C) as
ap.p.a.v.
2. There exisy x oo-matricesAt) ... A® of rankg and

symmetric quadratic form@. ... Q) such that
a) 1¢& € CI, the corresponding BA-functions satisfy the

(1,.7.,1)-KP hierarchy
p o o
Res (Z " 0du=0j0 1&820(2, t)w:(go)(z, s)) dz = 0

g=1

b) 3 & € CY (depending ory) such that

p c o
Res (Y 2% o gl (20" (0)r Y (2,9)) dz = 0
j=1
wheres™ (1) := (t0) +0) ¢®)  4»-1),
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Proof. 1) = 2)

For any¢ € CY the corresponding BA-functions satisfies a).
The embeddingic(C) — Gr(V) is equivariant

—> O(Ug) — UUE{-

The relation betwee, (, andy, ¢, for & = o5& Implies b).

2) = 1)

Similarly to Shiota, a) holds faofy iff holds for every.
From a) and the previous Theorem, there exists a triple
(C,z,tz) such thatX, ~ J(C) as a p.p.a.v. .

Part b) says that-(Ug,) coincides withg,, so the orbit

Ty ((Ug,)s) /Ty is finite dimensional.

Section 3 implies that induces an automorphism a@hc(C)
and, therefore, of’.
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Determine what is the minimum number of
equations that characterizes.

Study moduli spaces of covers (Hurwitz spaces)
In terms of infinite grassmannians and hierarchies

of p.d.e. .

Find similar characterizations for other cases of
geometric relevance (e.g. Galois covers, action of

a groupG with prescribed ramification).
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