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Problem:
Give conditions (on the theta
function) for a curveY to be a
cover of another curveX with
prescribed ramification type.

Application:

Schottky problem for R.S. with automorphisms: Give
conditions that a theta function of a p.p.a.v. should satisfy
in order to be a jacobian theta function of a Riemann
surface with a non-trivial automorphism.
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Introduction

Theorem. LetX be an irreducible p.p.a.v. of dimensiong > 1.

Then the following conditions are equivalent.
1. ∃C, genusg projective irreducible smooth curve, with an order

p automorphismσC : C → C such thatX ≃ J(C) as a p.p.a.v.
2. There existg ×∞-matricesA(1), . . . , A(p) of rankg and

symmetric quadratic formsQ(1), . . . , Q(p), such that
a) ∃ ξ0 ∈ C

g, the corresponding BA-functions satisfy the

(1, p. . ., 1)-KP hierarchy

Res
( p∑

j=1

z−δju−δjv ψ
(j)
u,ξ0

(z, t)ψ
∗(j)
v,ξ0

(z, s)
)
dz = 0

b) ∃ ξ1 ∈ C
g (depending onξ0) such that

Res
( p∑

j=1

z−δju−δjv ψ
(j+1)
v+1,ξ0

(z, σ∗(t))ψ
∗(j)
u,ξ1

(z, s)
)
dz = 0

whereσ∗(t) := (t(p), t(1), t(2), . . . , t(p−1)).
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Plan of the talk

1. Preliminaries on Grassmannians, formal groups,τ -
functions and BA-functions.

2. Characterization of covers and bilinear identities.

3. Geometric meaning ofΓV andτ -function in the Ja-
cobian case.

4. Characterization of Jacobians of curves with auto-
morphisms as finite dimensional orbits.

5. A solution for the Schottky problem for curves with
automorphisms.

6. Open questions.
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1.1. Preliminaries

Consider theC((z))-algebra

V = C((z1)) × · · · × C((zp))

wherez = (z1, . . . , zp) and subspacesV + = C[[z1]]×· · ·×C[[zp]]

andV − = z−1
1 C[z−1

1 ] × · · · × z−1
p C[z−1

p ].
Let ΓV be the formal group scheme

ΓV (R) :=

{
connected component

of 1 in (V ⊗̂CR)∗

}
=

{
a−nz

−n + · · · + a0 + a1z + . . .

wherea−i ∈ Rad(R) anda0 ∈ R∗

}

Then,ΓV = Γ−

V × Γ̄+
V whereΓ+

V := {a0 + a1z + . . . } and
Γ−

V := {a−iz
−i + · · · + a−1z

−1 + 1}.
There is a natural morphism, the Abel map,

ĈV := Spf
(
C[[z̄1]] × · · · × C[[z̄p]]

) φV−→ Γ−
V

such that(Γ−

V , φV ) is the Albanese variety of̂CV .
Covers of curvesandthe Schottky problem forcurves with automorphisms – p. 5/22



1.2. Preliminaries

Theinfinite Grassmannianscheme

Gr(V ) :=

{
U ⊂ V such thatU → V/V + has

finite dimensional ker and coker

}

On the connected component whereker andCoker have the
same dimension, one has the determinant bundle

Det := Det
(
U

δ
−→ V/V +

)

and a global sectiondet(δ) ∈ H0(Gr(V ),Det∗).
Then, theτ -functionof U ∈ Gr(V ) is a function onΓ−

V given by

τU (t1, t2, . . . ) := normalization ofdet(δ)
(
(
∑

i

ti
zi

)U
)
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1.3. Preliminaries

Theu-th Baker-Akhiezerfunction of a pointU ∈ Gr(V ) is the
V -valued functionψu,U (z, t)


exp
(
−

∑

i≥1

t
(1)
i

zi
1

)τUu1(t+ [z1])

τU (t)
, . . . , exp

(
−

∑

i≥1

t
(p)
i

zi
p

)τUup(t+ [zp])

τU (t)





where1 ≤ u ≤ r, Uuv := (1, . . . , zu, . . . , z
−1
v , . . . , 1) · U and

t+ [zv] := (t(1), . . . , t(v) + [zv], . . . , t
(r)).

Theorem. LetU ∈ Gr0(V ). Then:

ψu,U (z
�
, t) = (1, . . . , zu, . . . , 1) ·

∑

i>0

(ψ
(i,1)
u,U (z1), . . . , ψ

(i,r)
u,U (zr))pui,U (t)

where:
{
(ψ

(i,1)
u,U (z1), . . . , ψ

(i,r)
u,U (zr)) | i > 0 , 1 ≤ u ≤ r

}

is a basis ofU andpui,U (t) are functions int.
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1.4. Preliminaries

Theorem. A function as above is a BA function of a point of
Gr(V ) if and only if it satisfies the(1, p. . ., 1)-KP-hierarchy

Resz=0 Tr

(
ψu,U(z, t)

(1, . . . , zu, . . . , 1)
·

ψ∗
v,U(z, s)

(1, . . . , zv, . . . , 1)

)
dz = 0

for all u, v ∈ {1, . . . , p}.

Equivalently, in terms of p.d.e.’s for theτ -function

p∑

j=1

∑
pα1(−t

(j)pβ1(∂̃t(j))τUu,j
(t)

· pα2(s
(j))pβ2(−∂̃s(j))τUjv

(s) = 0
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2.1. Covers of curves

Let us consider data(X,Y, π, x, ȳ, tx, tȳ) where:

y1

y2

y3

x

+
+

+

b

π : Y → X is a cover of curves.
x ∈ X is a smooth point.

π−1(x) = ȳ = {y1, . . . , yp} ⊂ Y
are pairwise distinct smooth
points.

tx : ÔX,x ≃ C[[z]]

tȳ : ÔY,ȳ ≃ C[[z1]] × · · · × C[[zp]]

Consider the Krichever map:
{ geometric data} −→ Gr(V )

(Y,X, π, x, ȳ, tx, tȳ) 7−→ tȳ
(
H0(Y − ȳ,OY )

)
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2.2. Covers of curves

Theorem. A pointU ∈ Gr(V ) comes from geometric data (via
the Krichever morphism) if and only if

U · U = U

Tr(U) ⊆ U

whereTr : V → C((z)) is the trace map ofV as a finite
C((z))-algebra.

It follows that the image of the Krichever map is a closed
subscheme of the infinite grassmannian.
Further, a pointU comes from geometric data if and only if

( r∑

l=1

kl∑

j=1

e
(l)
j∑

i=1

ψ
(l,j)
U (ξi

e
(l)
j

z
1/e

(l)
j

l , t)

(ξi

e
(l)
j

z
1/e

(l)
j

l )δalδbj−ul,j

)
·
( r∑

l=1

kl∑

j=1

e
(l)
j∑

i=1

ψ
(l,j)∗
U (ξi

e
(l)
j

z
1/e

(l)
j

l , t)

(ξi

e
(l)
j

z
1/e

(l)
j

l )ul,j−1+δclδdj

) dz
z

has residue equal to0 in z = 0 (and a similar equation for the
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2.3. Covers of curves

Proof.

U · U = U implies thatU is a subalgebra ofV and,
therefore,∃(Y, ȳ, tȳ) such thatU = tȳ(H

0(Y − ȳ,OY )).

One has a commutative diagram

H0(Y − ȳ,OY )
�

� ty
//

TrY
X

��

W =
∏

j C((z
1/e

(j)
1

j )) × · · · × C((z
1/e

(j)
kj

j ))

Tr

��

H0(X − x̄,OX)
�

� tx // V =
∏

j C((zj))

Tr(U) ⊂ U implies thatTr(U) = U ∩ C((z)) and, therefore,
∃(X, x, tx) such thatTr(U) = tx(H0(X − x,OX)).

The inclusionTr(U) ⊂ U induces the morphism
π : Y → X.
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3.1. Finite dimensional orbits

Consider the set of geometric data

{(Y, σY , ȳ, tȳ, L, φȳ)} /equiv

where
(Y, ȳ, tȳ) as above,

σY an orderp automorphism,σY (yi) = yi+1, σY (yp) = y1,

(L, φȳ) line bundle with a trivialization alonḡy

The Krichever map is

(Y, σY , ȳ, tȳ, L, φȳ) 7→ (tȳ ◦ φȳ)H
0(Y − ȳ, L) ⊂ V

ΓV acts onGr(V )p := Gr(V ) × p. . .× Gr(V ) by homotheties
(componentwise)

µp : ΓV × Gr(V )p −→ Gr(V )p

(g, (U1, . . . , Up)) 7→ (gU1, . . . , gUp)
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3.2. Finite dimensional orbits

ForU ∈ Gr(V ) we defineUσ to be(U, σ(U), . . . , σp−1(U)) and
let ΓV (Uσ) be its orbit under the action ofΓV .

Theorem. The following conditions are equivalent.

1. dimC TUσ
(ΓV (Uσ)/Γ̄+

V ) <∞,

2. there exist data(C, σC , ȳ, ty, L, φy) such that its image by
the Krichever map isU .

Proof. Follows from

If dµp
Uσ

is the differential ofΓV → Gr(V )p, then

TUσ

(
ΓV (Uσ)/Γ̄+

V

)
≃ T1ΓV /(ker dµp

Uσ
+ T1Γ̄

+
V ) ,

LetAU := {g ∈ V | g · U ⊆ U} be the “stabilizer”, then

ker dµp
Uσ

= ∩p−1
i=0 σ

iAU
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4.1. Geometric interpretation

Fix data(Y, ȳ, tȳ) where
Y a projective irred. smooth irreducible curve

ȳ = {y1, . . . , yp} pairwise distinct smooth points

tȳ = {ty1 , . . . , typ} isomorphismstyj
: ÔY,yj

∼
→ C[[zj ]]

GivenL ∈ Jg−1(Y ), there are canonical commutative diagrams:

ĈV
�

� α //

φV

��

Y

φL

��

Γ−
V

γ
// Jg−1(Y )

ΓV

bγ
//

����

J∞
g−1(Y, ȳ)

�

� Kr //

π

��

Gr(V )

ΓV /Γ̄
+
V

//___ Jg−1(Y )

with J∞

g−1(Y, ȳ) := {(L, φ) s.t.L ∈ Jg−1(Y ) andφ : L̂ȳ
∼

→ ÔY,ȳ}.
It holds

Kr∗ Det∗V ≃ π∗OJg−1
(Θ)

and therefore, one expects a relation between theτ -function
and the theta function ofJg−1(Y ). Covers of curvesandthe Schottky problem forcurves with automorphisms – p. 14/22



4.2. Geometric interpretation

{α1, . . . , αg, β1, . . . , βg} symplectic basis forH1(Y,Z).
{ω1, . . . , ωg} holomorphic1-forms with

∫
αi
ωj = δij.

Ω the period matrix andθ(z) the theta function.
A(j) : H0(Y, ωY ) → C[[zj ]]dzj mapsωi to its germ atxj, and let

A(t) := A(1)t(1) + . . .+A(p)t(p)

wheret = (t(1), . . . , t(p)) andt(j) = (t
(j)
1 , t

(j)
2 , . . .).

For j ∈ {1, . . . , p} andn > 0, let η(j)
n be defined by

∫ x

η(j)
n = z−n

j − 2
∞∑

m=1

q(j)nm

zm
j

m
atx = xj .

and consider

Q(t) :=
∑

q(1)
nmt

(1)
n t(1)

m + . . .+
∑

q(p)
nmt

(p)
n t(p)

m
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4.3. Geometric interpretation

Define theτ -function as

τ(ξ, t) := exp(Q(t)) θ(A(t) + ξ)

(ξ ∈ C
g).

Fact:
τU (t) = τ(ξ, t)

Theorem. BA functions (introduced from the above geometric
data) satisfy the(1, p. . ., 1)-KP-hierarchy

Resz=0 Tr

(
ψu,ξ(z, t)

(1, . . . , zu, . . . , 1)
·

ψ∗
v,ξ(z, s)

(1, . . . , zv, . . . , 1)

)
dz = 0
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5.1. Schottky Problem

LetX := C
g/(Zg + ΩZ

g) an irreducible p.p.a.v. . Letξ be inC
g.

Let θX be its theta function.
LetA(1), . . . , A(p) beg ×∞-matrices of rankg and let
Q(1), . . . , Q(p) be symmetric quadratic forms.
One introduces theτ -function by

τ(ξ, t) := exp(Q(t)) θ(A(t) + ξ)

and BA-functions,ψu,ξ(z, t).

Theorem. The following conditions are equivalent.

1. There exists(C, x̄, tx̄) s.t.XΩ ≃ J(C) as p.p.a.v. .

2. There existA(1), . . . , A(p) andQ(1), . . . , Q(p) s.t. τ(ξ, t) is a
τ -function of the(1, p. . ., 1)−KP-hierarchy for allξ ∈ C

g.

Proof. 1) ⇒ 2) It follows from the section 2.
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5.2. Schottky Problem

2) ⇒ 1)

1. Sinceτ(ξ, t) satisfies the(1, p. . ., 1)−KP-hierarchy,
∃Uξ ∈ Gr(V ) s.t. τ(ξ, t) = τUξ

(t)

ϕ : C
g −→ Gr(V )

ξ 7−→ Uξ .

This map factorizes and givesX →֒ Gr(V ).

2. A is a surjective mapT1Γ
−

V → TξX and yields
Aξ : Γ−

V −→ X̂ξ. The properties ofτ imply

Γ−

V

µξ
// //

Aξ %%J
J

J
J

J
J

Γ(Uξ)/Γ̄
+
V

X̂ξ

77 77n
n

n
n

hencedimTUξ
Γ(Uξ)/Γ̄

+
V is finite. Then,∃(Cξ, x̄ξ, tξ, Lξ, φξ)

associated toUξ. Further,(Cξ, x̄ξ, tξ) does not depend onξ.
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5.3. Schottky Problem

3. SincerkA(j) = g, that the image of

X
�

�

// Pic(C)

ξ′
� // Lξ′

is Pic0(C) · Lξ. SoPic0(C) is a quotient of an abelian
variety =⇒ C is smooth completeand of genus≤ g.

4. By construction, theτ -functions ofX and ofJ(C)
coincide. Hence

θX(A(t) + ξ) = exp(q(t)) θJ(AJ(t) + ξ)

(q(t) is a quadratic function). ThereforeΘX = ΘJ and
X

∼

→ Pic0(C) as p.p.a.v.’s. In particular, the curveC is
irred. and of genusg.
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5.4. Schottky Problem

Main Theorem. LetX be an irreducible p.p.a.v. of
dimensiong > 1. Then the following conditions are equivalent.

1. ∃C, genusg projective irreducible smooth curve, with an
order p automorphismσC : C → C such thatX ≃ J(C) as
a p.p.a.v.

2. There existg ×∞-matricesA(1), . . . , A(p) of rankg and
symmetric quadratic formsQ(1), . . . , Q(p), such that
a) ∃ ξ0 ∈ C

g, the corresponding BA-functions satisfy the
(1, p. . ., 1)-KP hierarchy

Res
( p∑

j=1

z−δju−δjv ψ
(j)
u,ξ0

(z, t)ψ
∗(j)
v,ξ0

(z, s)
)
dz = 0

b) ∃ ξ1 ∈ C
g (depending onξ0) such that

Res
( p∑

j=1

z−δju−δjv ψ
(j+1)
v+1,ξ0

(z, σ∗(t))ψ
∗(j)
u,ξ1

(z, s)
)
dz = 0

whereσ∗(t) := (t(p), t(1), t(2), . . . , t(p−1)).
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5.5. Schottky Problem

Proof. 1) ⇒ 2)
For anyξ ∈ C

g the corresponding BA-functions satisfies a).
The embeddingPic(C) →֒ Gr(V ) is equivariant
=⇒ σ(Uξ) = Uσ∗

Cξ.
The relation betweenψu,ξ0

andψv,ξ1
for ξ1 = σ∗Cξ0 implies b).

2) ⇒ 1)
Similarly to Shiota, a) holds forξ0 iff holds for everyξ.
From a) and the previous Theorem, there exists a triple
(C, x̄, tx̄) such thatXΩ ≃ J(C) as a p.p.a.v. .
Part b) says thatσ(Uξ0

) coincides withUξ1
, so the orbit

ΓV

(
(Uξ0

)σ
)
/Γ̄+

V is finite dimensional.
Section 3 implies thatσ induces an automorphism onPic(C)
and, therefore, ofC.

Covers of curvesandthe Schottky problem forcurves with automorphisms – p. 21/22



6. Open Questions

Determine what is the minimum number of
equations that characterizes.

Study moduli spaces of covers (Hurwitz spaces)
in terms of infinite grassmannians and hierarchies
of p.d.e. .

Find similar characterizations for other cases of
geometric relevance (e.g. Galois covers, action of
a groupG with prescribed ramification).
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