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1. Introduction

Polyakov’s approach to the computation of quantum scattering amplitudes
in the bosonic string theory admits a nice geometric interpretation in terms
of integrals over the moduli space of Riemann surfaces [1]. One expects that
superstrings (strings with bose and fermi degrees of freedom) can be dealt with
in a similar way by introducing a suitable Z,-graded analog of a Riemann surface.

Physical arguments [5] suggest that the specification of a “super Riemann
surface” should include:

(i) an ordinary Riemann surface X;

(i1) a spin structure on X;
(ii1) a set of gravitino fields on X.
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A convenient geometric setting for dealing with structures of this kind is pro-
vided by the Berezin-Leites—Kostant graded manifolds (or supermanifolds). If
one considers a (1,1) dimensional complex analytic graded manifold (X, By),
then (X, (Bx)g) 1s just an ordinary Riemann surface; (By ), is in general a line
bundle over X, and one can require that it is a spin structure on X. In order
to accommodate the last datum, i.e. a set of gravitino fields, one can in a sense
consider a family of super Riemann surfaces, also called SUSY-curve [12,13].

The study of the geometry of these objects involves the extension of several
constructions which are encountered in the usual theory of Riemann surfaces.
We center our attention on some facts concerning (relative) line bundles over
SUSY-curves; in particular, we deal with the extension of two results: the Gauss—
Bonnet theorem, and the fact that a holomorphic line bundle on a Riemann
surface is flat if and only if its Chern class vanishes. This is done in two steps:
the first, which is dealt with in the present paper, is the generalization of these
results to the case of a family of ordinary Riemann surfaces; the second deals
with the graded case, and forms the object of the following paper [3].

It should be noticed that some material we present here can be found in some
classical works by Mumford and others; however, the techniques used there
are quite different from those we employ here, which reduce to some complex
geometry and basic homological algebra. This makes the extension to the graded
setting quite straightforward.

Let us describe briefly the contents of this paper. After a cursory presentation
of the basic definitions, we develop in section 2 the notions of relative de Rham
theory and of fiberwise integration over a family of smooth manifolds; a relative
Serre duality for families of complex analytic manifolds is also stated. In section 3
we introduce, basically following Grothendieck [7,8], the notions of Picard sheaf
and relative Picard group of a family of complex manifolds; also the concept of
Chern class finds a natural generalization to the relative context. A relative
flatness property is stated, and it is proved that a section of the Picard sheaf is
flat if and only if its relative Chern class vanishes. Moreover, we show that the
relative Chern class can be represented in terms of the fiberwise integral of a
curvature form.

The main results of this paper and of the following one were announced with-
out proofs in ref. [2]. The graded version of some of them already appeared
in ref. [6]; however, the transition from the absolute to the relative case is not
obtained—as there claimed—simply by replacing the sheaf cohomology functor
with the higher direct image functor. Indeed, the category of families of graded
manifolds is essentially different from that of single graded manifolds [14,17].
Also, the definition of relative flatness as given in ref. [6] seems to be inad-
equate, and does not allow for a satisfatory discussion of the validity of the
flatness theorem for SUSY-curves.
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2. Families of smooth and complex analytic manifolds

2.1. PRELIMINARIES

We shall denote by (X, Ox) a complex analytic manifold, and by (X,Cx) a
real differentiable manifold, where Cy is the sheaf of C-valued smooth functions
on X. All manifolds will be assumed to be connected. Every n-dimensional
complex manifold determines an underlying 2n-dimensional real manifold; if
(z1,...,zn) are local coordinates in (X,Oy), then (zy,..., 24, Z1,...,Z,) are
local coordinates for (X, Cy ). We shall use the notation (X, R x ) interchangeably
for a real or complex manifold, denoting in either case the local coordinate
systems by {z;}. The sheaf Der X is the sheaf of derivations of Ry, and 2} is the
sheaf of differentials of Ry, i.e. the R y-dual module of Der X; these are locally
free, and any local coordinate system {z;} induces local bases {9/0z;} of Der X
and {dz;} of Q}. The corresponding vector bundles are the tangent bundle 7°X
and the cotangent bundle 7* X, respectively. From the inverse function theorem
one obtains that a set {z;} of sections of Ry is a local coordinate system around
x € X if and only if the differentials of those sections at x, i.e. the elements
{dyz;}, are a basis for T; X.

A manifold morphism 7 : (X,Ryx) — (Y,Ry) is said to be a submersion
if for all x € X the induced morphism =z} : 77 Y — T7X is injective, or,
equivalently, if for all x € X there are open neighborhoods U of x and V' of
7w (x), with z(U) C V, such that (1) the natural map n* : Ry (V) — Rx(U)
is injective; and (2) every coordinate system {w;} in V' can be completed to a
coordinate system {w;, z;} in U.

The morphism 7 : (X,Ry) — (Y, Ry) is said to be proper if it is such in the
sense of topological spaces; flat if n.Rx is a flat sheaf of Ry-modules. In the
complex analytic case, if 7,0y is coherent (which for instance happens when
7 is proper via Grauert’s cohomology base change theorem) the flatness of n
implies that 7,Oyx is locally free over Oy.

For all y € Y, the fiber X, = n~!(p) of-a proper morphism 7 is a compact
space, which is endowed with a manifold structure given by the structure sheaf

Rx, = (Rx/fy)ly, ~ Rxly, @®y), k()

where m, is the ideal of R y generated by the inverse image of m,; here m,, denotes
the maximal ideal of (Ry),, and also the naturally associated sheaf of ideals of
Ry. Moreover, k(y) is the residual field at y, i.e., kK (¥) = (Ry),/my ~C. The
manifold (X),Rx,) can also be regarded as the fibered product X xy {y}.

We say that a morphism 7 : (X,Rx) — (Y,Ry) has universally connected
fibers if m,Rx ~ Ry; this implies indeed that all fibers X, are connected, and
that this property is preserved under any change of the basis (Y, Ry).

A family of manifolds is a proper submersion 7 : (X,Rx) — (Y,Ry). In the
complex analytic case we also assume that x is flat and has universally connected
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fibers. The relative dimension of the family is the number dim X — dim Y, which
corresponds to the dimension of each fiber. A complex analytic family of relative
dimension 1 is called a family of Riemann surfaces. A relative coordinate system
is a local coordinate system {w;, z;} on X such that {w;} is a local coordinate
system on Y.

Ifrn: (X,0x) — (Y,Oy) is a family of complex manifolds of relative dimen-
sion n there is a vanishing theorem R¥7,0x = 0 for all k > n, where Rz,
denotes the kth higher direct image functor associated with ..

A morphism of families between n’ : (X', Rx) - (Y, Ry )and n: (X,Rx)
— (¥, Ry)—which we shall briefly denote by f : (X'/Y’) — (X/Y )—is a pair
of morphisms /" : (X', Rx:) — (X,Rx)and f': (Y, Ry ) — (Y,Ry) such that
the following diagram commutes:

(X', Ry) —— (X,Ry)

‘| J»

(Y, Ry) —f—* (Y,Ry)

The sheaf of relative derivations of a family 7 : (X,Rx) — (Y, Ry), denoted
Der (X/Y), is the subsheaf of Der X whose elements vanish on Ry, that is, the
following exact sequence holds:

0 — Der(X/Y) > DerX — n*DerY — 0.

The dual module of Der (X/Y '), denoted 2} n is the sheaf of relative differentials
of the family, and one has an exact sequence

0— "2} — Q) — Qky — 0.

Any relative coordinate system {w;,z;} induces local bases {J/0z;} of
Der (X/Y) and {dz;} of Qy y.
For every fiber X;,, = n~!(y) there are identifications

Qb = @y /M), = Syl B, KO,

namely, the differentials of the fibers can be obtained from the relative differ-
entials by restricting to the fibers and taking values; in this sense, if {w;, z;} is
a relative coordinate system on the family, the {dz;}’s are a local basis for Q}y,
and {z;} is a local coordinate system for the fiber.

A family 7 : (X,Cx) — (Y,Cy) of real manifolds is said to be orientable if
the relative cotangent bundle—namely, the vector bundle associated with the lo-
cally free module .Q}( /Y—is orientable, which amounts to saying that the highest
exterior power of }/Y has a global nowhere vanishing section. Intuitively, this
means that all fibers are orientable in a compatible way. A family of real mani-
folds which underlies a family of complex manifolds is orientable, and carries a
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canonical orientation, exactly in the same way as the real manifold underlying
a complex manifold is canonically oriented.

2.2. RELATIVE DE RHAM THEORY

Letn: (X,Cx) — (Y,Cy) be a family of real manifolds of relative dimension
m; we denote by 2% /v the kth exterior power of 2, over Cx, and call relative k-
Jorms its sections. The exterior differential d : Cy — £} induces, by composition
with the projection p : Q} — Qy v, a relative differential whose kernel is n~'Cy
by definition. By extending in the usual way to the exterior algebra, one obtains
a relative differential d, : QF /Yl — Q% sy forall k > 0, which makes the following
diagram commute:

k-1 d k
Q" — Q%

pl lp . (2.1)
-Q)I;/_Yl T Qk/y

On the other hand, the relative differential induces in each fiber a differential
operator which coincides with the ordinary exterior differential.
We denote by 2% sy the sheaf of closed relative k-forms, i.e. the kernel of the

morphism d, : Q% y = QX+Y ; in particular, 27, = Qf),. A “relative Poincaré
lemma” holds, that is, the followmg sequence of sheaves on X is exact [4,18]:

r

0—nley —Ccx @by & EoQp, —0. (2.2)

So one has an acyclic resolution of the sheaf z~1Cy.

Definition 2.1. The relative de Rham sheaf of degree k is the sheaf over Y

Equivalently, DR’; 7 is the sheaf associated with the presheaf

Zk (=1 (V)
Vo (2.3)

495} (a1 (V)

Thus, DR§/Y is the kth cohomology sheaf of the complex of sheaves over Y,

0—>7l'* 1Cy—>7'CC,\/-——>7'E.QX/Yi>~-~d’7tQX/Y

If Y reduces to a point, Y = {y}, then I'(Y,DR X/Y) is the ordinary kth de
Rham cohomology group of X.
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Proposition 2.2. For each k > O there is a canonical sheaf isomorphism

DR, = Rfn.n'cy.

Proof. Given a resolution F* of the sheaf 7~ !Cy, there is a canonical morphism
H* (n,F*) — Rfm,mn~'Cy (abstract de Rham theorem); applying this to the
resolution (2.2), one obtains a sheaf morphism DR’)‘(/Y — R¥m,n~'Cy. In order
to prove that this is bijective, we can restrict to the stalks, thus getting

r(x,.24,)

(DRK )y = ———— 1
MY T4, T (X, Q5

(Rfm = 1Cy)y =~ H (X, n™'Cy).

The corresponding morphism between the right-hand sides is bijective by the de
Rham theorem for sheaf cohomology, in that the sequence (2.2), when restricted
to X,, yields an acyclic resolution. d

Quite obviously, if Y = {y}, proposition 2.2 reduces to the ordinary de Rham
theorem for X.

We now wish to investigate the relationship occurring between the relative de
Rham cohomology of a family and the ordinary de Rham cohomology of the
total space X.

Lemma 2.3. There is a commutative diagram of C-modules

r(xz<x —— HKX,C) —— T(Y,Rn.C)
X

d b l

r,n.z%,) —— I'(Y,DRY,,) ——— I'(Y,R*n.n~'Cy)

Proof. Let us consider the square on the left; in view of the definition of relative
differential, for any open V' C Y there is a commutative diagram

2k (' (V)
d Qg (a=1(V))
d l l ,
2Ky (x 7 (V)
dy Q7y (=1 (V)

Q- V' (vy) 24— 2@ ')

QL (T (V) —— 2, (1 ()

which yields a commutative diagram of presheaves. One concludes by passing
to the associated sheaves in the bottom line and taking global sections.
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The square on the right is induced by the diagram

n.2k/d Q" ——  Rfn.C

"l l ; (2.4)

DRy —— Rkm,n~cy

here 7. 2% /d n.Q%~! is the quotient presheaf, and the morphism in the first line
is the canonical map to the associated sheaf. So, it is enough to prove that the
diagram (2.4) is commutative, and this in turn can be proved by restricting to
the stalks. One then considers the commutative diagram

0— € —— QF

| L

0 —— 7Z_1CY —_— ‘Q).(/Y

applies the direct image functor 7., and takes cohomology, thus obtaining dia-
gram (2.4) with the presheaf in the upper left corner replaced by the correspond-
ing sheaf the result we are looking for follows by composing with the canonical
morphism mapping the presheaf to the sheaf. O

2.3. FIBERWISE INTEGRATION

Relative forms of top degree on a oriented family of real manifolds n :
(X,Cx) — (Y,Cy) can be integrated “along the fibers” to yield a function on the
base space Y. More precisely, if the family has relative dimension m, fiberwise
integration is a sheaf morphism

/ ZH*Q}‘I/Y—}Cy,
X/Y

defined as follows: if w is a section of 7,2 )’("/)” for all y in the domain of w one
denotes by @, € F(Xy,.Q)’(’;) the image of the germ w, € F(Xy,Q/(,"/Y); then

(/X/y“’)(y)z/xy‘by'

The integral on the right-hand side is the usual integral over a compact orientable
manifold, and the fact that the left-hand side depends differentiably on y can
be checked in local coordinates. If ¥ = {y}, fiberwise integration reduces to
ordinary integration over X.

Proposition 2.4 (Stokes theorem). For any section T of n*Q?/‘Yl one has

d,-‘[ = 0.
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Thus, fiberwise integration induces a morphism

/ : DR,y — Cy . (2.5)
X/Y

Proof. In view of the definitions of fiberwise integration and relative differen-
tial, the first assertion reduces to Stokes theorem in each fiber. Then one has
a morphism from the presheaf (2.3) into Cy, and one concludes by factorizing
through the associated sheaf. O

Proposition 2.5. The morphism (2.5) is bijective.

Proof. The demonstration is the same as in the absolute case [16], for the func-
tions on Y are constant as far as fiberwise integration is concerned. #! Indeed,
the family being orientable, the morphism | XY is not zero, i.e., there is a rela-
tive m-form w such that | Xy @ # 0. One has to prove that the class [w] is a
generator of DR%Y, in the sense that for any other section ' of 7,0 )’(”/Y there
are sections f of Cy and 7 of n*Q)'(”/}‘ such that @’ = fw + d,7. This fact is
first proved locally on a coordinate cover (so that it reduces to the case Y = R?,
X = R® x C, where C is a compact orientable manifold) and then globalized by
means of a partition of unity argument. m

Fiberwise integration can be used to introduce a relative Poincaré duality. One
first defines a Cy-bilinear sheaf morphism

Rfm,.n='Cy ®c, R¥ n,n~'Cy — R¥+*F'nn='cy (2.6)

in the following way: R¥n,.m~!Cy is the sheaf associated with the presheaf V'
H*(n='(V),n~!Cy); a morphism like (2.6) is defined at the level of presheaves
as the cup product, and then extended to the associated sheaves (by regarding
the sheaves Rfm,n~!Cy as DR’/{,/Y, this corresponds to the wedge product of
relative forms). If ¥’ = m — k, by composing the morphism (2.6) with fiberwise
integration, one obtains a pairing

Rfn,n='Cy ®¢, R™" *n.n~'Cy — Cy, (2.7)

which is non-degenerate, as one can show for instance by restricting to the stalks.
In that case, the pairing (2.7) reduces to

HE (X, n71Cy) ®(cyy, H™ K (Xy, 7 'Cy) = (Cy),. (2.8)

#1 This is expressed by the equality f,\'/y (m*flow = f fX/Y w.



U. Bruzzo and J.A. Dominguez Pérez / Line bundles over Riemann surfaces 259

Since 7~ !Cy| X, is the constant sheaf (Cy),, from the universal coefficient theo-
rem one has H* (X, n-Cy) ~ H¥ (Xy,C) ®¢ (Cy),, so that (2.8) is the pairing
H*(X,,C) @ H™ ¥ (X,,C) &c (Cy)y — (Cr)y,

which is the (Cy),-bilinear extension of the Poincaré duality on the fiber X,
and is therefore non-degenerate. ]

2.4. RELATIVE DUALITY FOR ANALYTIC FAMILIES

Given a complex analytic family 7 : (X, Oyx) — (Y, Oy), one can introduce a
relative Serre duality, which we would like to recall without providing any proof
(cf. refs. [9,10,15]). Assume that the family has relative dimension #n, denote by
kv the sheaf of relative holomorphic n-forms, and let M and N be coherent
Ox- and Oy-modules, respectively; then, denoting by R the operation of taking
the derived functor, there is a canonical isomorphism of Oy-modules,

RHom o, (RT,M,N) ~ Rr.RHom o, (M, Kx;y(—n) ®o, N) .
One has then a convergent spectral sequence
EPY = Extf, (R" I, M,N) == 519 = Exti (M, kx/y ®oy N,
so that there is a natural morphism *2
EM = Hom o, (R* IR MN) — £L = Extd (M, kx)y @0, N).  (2.9)

For g = 0, one deduces an isomorphism Hom o, (R*"T, M, N) =~ n,.Hom o, (M,
Kx/y ®oy, N') for arbitrary M and V, and one obtains in particular

R'nkx;y ~ (1,0x)"
~ (Oy)Y ~ Oy, (2.10)

where ¥ denotes the dual module. The second isomorphism depends on 7 having
universally connected fibers, while the first does not.

3. Relative theory of line bundles

3.1. PICARD SHEAF AND RELATIVE PICARD GROUP

The notion of relative Picard group, in the sense we are going to employ it, has
been introduced by Grothendieck, both in the algebraic [7] and analytic case
[8]. We would like to discuss that concept in the case of a family of complex
manifolds, by making explicitly all the assumptions valid in that framework.

#2 This morphism is clearly bijective for any M whenever A is a coherent injective sheaf, or for
any A if all higher direct images R* 7. M are locally free.
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Our aim is to classify “families of line bundles” over the fibers of the morphism
. (X,0x) — (Y,Oy), where such “families” are, speaking heuristically, col-
lections of line bundles, one on each fiber of 7z, with a certain compatibility
condition. In order to do that, it is quite natural, on the analogy of what hap-
pens in the absolute case, to consider a “relative cohomology” of the sheaf O}
of invertible sections of Oy. This relative cohomology is of course provided by
the higher direct image functor R*x,.

Definition 3.1. The Picard sheaf of the family z : (X, Ox) — (Y, Oy) is the sheaf
R'7,0%.

The group I' (Y, R'n,.0%) is the (restricted) relative Picard group Pic(X/Y)
(cf. Grothendieck [8]);if ¥ = {y}, the group Pic(X/Y ) reduces to the ordinary
Picard group Pic(X) of X. In the general case, the elements in the relative Picard
group can be, according to the intuitive description reported above, interpreted
as follows (this brief discussion is taken from ref. [8]). The sheaf R!'z, 0% is
associated with the presheaf V' ~» H'(n=!(V),0%) ~ Pic(z'(V)) [group
of isomorphism classes of line bundles over #~!' (V) ]. The specification of an
element of Pic(X/Y) is equivalent to the assignment of an open cover {};} of ¥
and a collection of line bundles {£;}, each defined over z=!(}}), such that for
all pairs i, j, the bundles £i|f,,(VmVj) and £j|f~1(Vlm,J) are locally isomorphic
relative to ¥; NV, in the sense that any y € V; N V; has an open neighborhood
W c VinVjsuch that Ly ) = Ljl o1 -

The fact that Oy ~ 7,0y, together with the Leray spectral sequence for the
morphism 7, gives rise to an exact sequence

0 — Pic(Y) — Pic(X) 2 Pic(X/Y).

One denotes by [£] the image of an isomorphism class £ € Pic(X') under ¢.
The morphism ¢ is in general not surjective, unless 7 admits a global section.
Moreover, ¢ is functorial, in the following sense.

Proposition 3.2. Given a morphism of complex analytic families [ : (X'/Y') —
(X/Y), there is a commutative diagram

Pic(X) —2— Pic(X/Y)

| lf‘ . (3.1)
Pic(X') ——— Pic(X'/Y")
"

Proof. Tt follows from the functoriality of the Leray sequence [11]. ]
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The morphism f* : Pic(X) — Pic(X’) is actually induced by the inverse
image of sheaves of O y-modules. In the particular case where the morphism is
the immersion of a fiber, i : (X,/{y}) — (X/Y), the diagram (3.1) and the
identification Pic (X, /{y}) ~ Pic(X,) entails [L], ~ L,, where [L], is the stalk
at y of the section [£] € Pic(X/Y), and £, € Pic(X, ) is the line bundle £, =
£|Xy Soy), k(y)~ [’|Xy ®OX|xy Oy, .

Definition 3.3. The relative Chern class ¢; (1) of a section A of the relative Picard
sheaf R!7,0% of the family 7 : (X,0x) — (Y,Oy) is minus its image via the
sheaf morphism

R'n,0% — R’n,Z (3.2)
induced by the exact sequence

0— 27— Oy 2, 01 0. (3.3)
From (3.2) one obtains a morphism ¢, : I'(Y,R'n,0%) — I'(Y,R*n.2),
which we call Chern class as well; in the case ¥ = {y}, this morphism reduces
to the ordinary Chern class ¢, : Pic(X) — H*(X,Z).
Proposition 3.4. There is a commutative diagram

Pic(X) —%—  Pic(X/Y)
c,l l : (3.4)
H*(X,Z) —— H°(Y,R?z.Z)
Proof. It follows from the definition of Chern class. O

Proposition 3.5. Given a morphism of complex analytic families f : (X']Y') —
(X/Y), there is a commutative diagram

Pic(X/Y) —L— Pic(X'/Y")

a| e . (3.5)

I'(Y,R*n.Z) —f—» I'<Y' ,Rzn'.Z)

Proof. One considers the commutative diagram
0 z floy 2228, retor 0

0 z Op ZE. 0y, —— 0
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by applying the higher direct image functor and taking global sections one con-
cludes. 0

From (3.5) applied in the case of the immersion of a fibre / : (X, /{y}) —
(X/Y), one has an identification (¢;([£])), ~ ¢; (L, ) for each element [L] €
Pic(X/Y).

If7: (X,0x) — (Y,Oy) is a family of Riemann surfaces, the Chern class ¢, :
R'7,.0% — R?n.Z can be considered as a section in R?7,C, due to the following
result.

Proposition 3.6. For a family of Riemann surfaces, the natural injection Z — C
induces an immersion

Rn,7 — RZn*C,
so that I'(Y,R*r,Z) — I'(Y,R?n,C).

Proof. Tt is enough to prove that forany y € Y the morphism induced on the stalks
(R*n,Z), — (R?rn.C),—that is, the morphism H?(X,,Z) — H?(X,,C)—is
injective. This follows from the commutative diagram

H?*(X,,Z) —— H*(X,,C)

1 L

z M., ¢
where the vertical arrows are the Poincaré duality isomorphisms, which can be
realized in H 2(Xy,cfi) in terms of the integral over X,. ]

3.2. RELATIVE FLATNESS

We wish to generalize to the relative situation the well-known fact that a
holomorphic line bundie on a Riemann surface is flat if and only if its Chern class
vanishes. We recall that a line bundle over an n-dimensional analytic manifold
(X,Oy) is said to be flat if its transition functions over a suitable trivializing
open cover can be chosen so as to be locally constant. Equivalently, on can
consider the immersion C* — 0%, and then (the isomorphism classes of) flat
bundles are the elements in the image of the induced morphism H!(X,C*) —
H'(X,0%). In the case of a family of analytic manifolds 7 : (X,0x) — (Y,0y),
the “relative constants” (in the sense that their relative differential vanishes)
are the sections of 7~ 10y, which suggests the following definition.
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Definition 3.7. A section of the relative Picard sheaf R!7,0% of the family 7 :
(X,0x) — (Y,0Oy) is said to be flat if it lies in the image of the morphism

Rln.7 'O} — R'n.0% (3.7)
induced by 7710} — 0% .
Theorem 3.8. Let n: (X,0x) — (Y,Oy) be a family of Riemann surfaces. Any

y € Y has an open neighborhood V' such that a section A € I' (V, R'n.0%) has
vanishing relative Chern class if and only if it is flat.

Proof. If kx;y denotes the sheaf of relative holomorphic one-forms, one has a
commutative diagram

0
Kx/y
0 z Oy —— 0y —— 0
0 Z 10y —— 7710y —— 0
Applying the higher direct image functor, one obtains
R%n,0x
Rzﬂ*ﬂ_IOY
R'm.kxy

I

R'n.0y —— R'7.0% —2— R7,Z —— R7,04

[ I | I

R'n,n='0y —— Rlzn~'0} —— RWn,Z LR Rz~ 10y

(3.8)
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The relative dimension of the family 7 : (X,0yx) — (Y,Oy) being 1, one has
R?n,0x = 0. If we prove that « is bijective and f is injective, diagram (3.8)
yields

0

T c

R'7,0x —— R7,0% —% R, Z —— 0

I [

Rz 10y —— R'z.n710y —— 0

; (3.9)

the two lines of this diagram are exact, which implies our claim. Thus, the
theorem reduces to the following two lemmas. (|

Lemma 3.9. The epimorphism o : R'n.ky;y — R*m.n~'Oy is actually an iso-
morphism.

Proof. From eq. (2.10) one has R'm,ky/;y ~ Oy. Besides, (R*n,n7'Oy), ~
H?*(X,,n7'Oy) ~ H*(X,, (Oy),), since n“(’)y|Xy is the constant sheaf (Oy),,
and from the universal coefficient theorem one has (R*z.7~'0y), ~ H?(X,,C)
®¢ (Oy)y =~ (Oy),. Taking the quotient by the maximal ideal one gets an
1somorphism « : C — C, and by Nakayama’s lemma one concludes. O

One should remark that this result depends critically on # having universally
connected fibers.

Lemma 3.10. The morphism f8: R'n,.Z — R*n.n~'Oy is injective.

Proof. Tt is enough to prove that for any y € Y the morphism induced on the
stalk, 8 : (R*n.2), — (R*m.n~'Oy),, is injective. A computation similar to
that of the previous lemma enables us to write this morphism as

B:H?*(X,,Z) — H*(X,,C) @c (Oy),,

which can be identified with the cohomology morphism induced by Z — (Oy ),
~ C ®¢ (Oy),, m — m ® 1. Then the claim follows from diagram (3.6). |

3.3. GAUSS-BONNET THEOREM FOR FAMILIES

Let (X, Ox) be a complex analytic manifold, and let £ be a line bundle on
it. It is a classical result that ¢, (£) = (i/27)[K ], where [K] is the de Rham
cohomology class of a (smooth) curvature form K on L. If (X, Oy ) is a compact
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Riemann surface, the isomorphism [ ¥ - H 2(X,C) = C allows one to express
this result in the form ¢;(£) = (i/2n) [ y K (Gauss—Bonnet theorem). If 7 :
(X,0x) — (Y,Oy) is afamily of complex manifolds,and 7 : (X,Cx) — (Y,Cy)
is the underlying real family, the projection p : Q% — Q2 /v between the sheaves
of smooth two-forms induces a morphism p : H?(X,C) —» I' (Y,DR?Y/Y), and
one has an identification p(c;(£)) = (i/2z)p({K]). By applying lemma 2.3
and propositions 3.4 and 3.6, one deduces

ailL] = (i/27)[p(K)]) € T(Y,DRy,y), (3.10)

where ¢;[£] € I'(Y,R%*n,C) is regarded as a section in I" (Y, R*n.n~'Cy) ~
Iy, DRf‘,/Y). The relative two-form p(K) € I' (Y, n*Z)z(/y) =TI (X, Zi,/y) can
be interpreted as a “relative curvature” in the following way.

Definition 3.11. Given a family of complex manifolds 7 : (X,O0x) — (Y,0y)
and aline bundle £ over (X, Oyx), let )‘( Iy be the sheaf of relative differentials of
the underlying real family; a (smooth) relative connection over £ is a morphism
of C-modules

VriL— Qyy Qo L (3.11)

which satisfies the Leibniz rule V,(fo) = d,f ® 0 + fV,(0).

The projection of ordinary differentials onto relative differentials allows one
to regard any relative connection as induced by an ordinary connection.

Lemma 3.12. For any relative connection V, on L there is an ordinary connection
V such that the following diagram commutes:

L —Y— Qleo, L

v\ |pora (3.12)

.Q/ly/y ®oy £

Proof. Fix a connection V° on £, and let V? be the corresponding relative connec-
tion, VY = (p ® Id) VY. For any relative connection V, let « be a counterimage
of V, — V% under p ® Id. Then V = V° + a is the desired connection. O

Weextend V, toamorphism 2}, ®0, £ — Qf , ®0, Lbyletting V, (0@0) =
dw®o—wAV, (7).

Definition 3.13. The curvature K, of a relative connection V, over L is the
morphism of C-modules

K, =V}:L—Qfy®0, L. (3.13)
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By construction, if K is the curvature of the ordinary connection V over £
which induces V,, one has K, = (p € 1d) o K. In particular, K, is an Oy-linear
morphism, and therefore it determines a global section K, of Q/%/y. Byeq. (2.1)
K, is also closed under the relative differential, and then X, € I'(Y, n*Z}(/ ¥
The projection [K,] = [p(K)] = p([K]) e (Y, DRg(/Y) does not depend on
the relative connection over £ (because [K] does not), and from (3.10) one
concludes that

cil£] = (i/2n)[K,] € T (Y.DR%,y). (3.14)

If 7 : (X,0x) — (Y,0Oy) is a family of Riemann surfaces, proposition 2.5
vields the identification [K,] = fX/y K, € I'(Y,Cy), which together with (3.14)
proves a relative Gauss—Bonnet theorem.

Theorem 3.14. Let n: (X,0x) — (Y,Oy) be a family of Riemann surfaces, L a
line bundle over (X, Ox), let (L] be its image in Pic(X/Y), and K, the curvature
of any relative connection over L; then

o ([L£]) = (i/2n) K. O
Xjy

Corollary 3.15. Assume that ¢ : PicX — Pic(X/Y) is surjective, and let A €
Pic(X/Y). Then ¢y (1) = (i/2n) fX/Y K,, where K, is the curvature of a relative
connection on any line bundle on (X, Ox) whose image in Pic(X/Y) isA. [

We would like to express warm thanks to C. Bartocci and D. Hernandez
Ruipérez for their contribution to the initial stage of this work. We also thank
D. Hernandez Ruipérez and J. Mufioz Porras for enlightening comments on
relative duality.
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